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State-of-the-art nuclear forces & currents !
from chiral effective field theory

Accurate and precise nuclear forces

Reliable approach to uncertainty quantification 

Knowledge of the corresponding charge/current operators

Precision theory for nuclear structure and electroweak !
reactions requires:

Ab-initio methods for solving the nuclear A-body problem



 Chiral Effective Field Theory
Chiral Perturbation Theory: expansion of the scattering amplitude in powers of Q, 

Q = 
momenta of external particles or Mπ  ~ 140 MeV

breakdown scale Λb

Weinberg, Gasser, Leutwyler, Meißner, ... 

Write down Leff [π, N, …], "
identify relevant diagrams at a given order,"
do Feynman calculus, "
fit LECs to exp data, "
make predictions…

Chiral EFT for nuclear systems: expansion for nuclear forces + resummation (Schrödinger eq.)
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Weinberg, van Kolck, Kaiser, EE, Glöckle, Meißner, Entem, Machleidt, Krebs, ... 

unified approach for ππ, πN, NN
systematically improvable

consistent many-body forces and currents
error estimations

Notice: nonperturbative treatment of chiral nuclear forces in the Schrödinger eq. requires the"
            introduction of a finite cutoff [Alternatively, use semi-relativistic approach, EE, Gegelia, et al. ’12…’15]

See also: Nuclear Effective Field Theories — the crux of the matter, open discussion by Mike Birse and EE at the KITP program!
               „Frontiers in Nuclear Physics“, August 22 - November 4, 2016, available at http://online.kitp.ucsb.edu/online/nuclear16/

http://online.kitp.ucsb.edu/online/nuclear16/
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Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung
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Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4



 Chiral expansion of the nuclear forcesNuclear χEFT in the Precision Era Evgeny Epelbaum

Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

N4LO (Q5)

Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.

4

focus of intense research efforts…have been worked out 
Entem, Kaiser, Machleidt, Nosyk, PRC 91 (2015) 014002
EE, Krebs, Meißner, PRL 115 (2015) 122301
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Why go to fifth order (N4LO) in the chiral expansion?
— no additional parameters in the NN force (except for 1 IB term) ➙ testing the theory
— there is evidence that χ-expansion for the 3NF is not yet converged at Q4
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Figure 2: The long-range part of the nuclear force is completely predicted by the chiral symmetry
of QCD and experimental information on the pion-nucleon system.

part of the interaction and thus maintains the analytic structure of the amplitude in the low-energy
domain. This feature is in contrast with the non-local momentum-space regulator employed in the
first-generation NN potentials of Refs. [47, 48] of the type

V (p⃗, p⃗ ′)→V reg(p⃗, p⃗ ′) =V (p⃗, p⃗ ′)exp
(

−
p2n+ p′2n

Λ2n

)

, n= 2,3 , (2.7)

where p⃗, p⃗ ′ are the initial and final momenta of the nucleons in the center of mass system (CMS),
which distorts the long-range part of the interaction. Another advantage of the regulator in Eq. (2.5)
is that it cuts off precisely the undesired short-range components of the pion exchange contributions
which cannot be meaningfully predicted in chiral EFT instead of their large-momentum parts as
does the non-local regulator in Eq. (2.7). This makes the additional spectral-function regularization
(SFR) [75] of the two-pion exchange components, which was used e.g. in Refs. [48, 76] to tame
the unphysically strong attraction at short distances at N2LO [41], obsolete. This is a particularly
welcome feature in view of the ongoing and upcoming 3NF studies, in which the implementation
of the SFR would be rather non-trivial. The insensitivity of the calculated NN observables to the
value of the exponent in Eq. (2.5) is demonstrated in [18]. For contact interactions, we used in
Refs. [18, 19] a non-local Gaussian regulator in momentum space with the cutoff set to Λ= 2/R.

2.3 Determination of the LECs

I am now in the position to specify the employed values of the various LECs and begin with
the long-range part of the potential due to exchange of pion(s). Here, the framework of chiral
EFT shows its full power by allowing one to predict the long-range part of the nuclear force in a
parameter-free way using the available experimental information on the pion-nucleon system and
exploiting the constraints due to the chiral symmetry of QCD as visualized schematically in Fig. 2.
At orders N2LO, N3LO and N4LO, one needs to specify the values of the order-Q2, order-Q3 and
order-Q4 πN LECs ci, di and ei, respectively. At N2LO and N3LO, we used in [18] the values
of c1 = −0.81, c2 = 3.28, c3 = −4.69, c4 = 3.40, d̄1 + d̄2 = 3.06, d̄3 = −3.27, d̄5 = 0.45 and
d̄14 − d̄15 = −5.65 from the order-Q3 fits to πN data in the physical region [77] and inside the
Mandelstam triangle [78]. Further, the LEC d18 is adjusted to reproduce the observed value of the
Goldberger-Treiman discrepancy. Here and in the following, the values of the LECs are given in
units of GeV−n. The bars over the LECs indicate that I am using the convention of Ref. [77] by
setting the dimensional regularization scale equal to the pion mass. At N4LO, we employ the values
from our order-Q4 fit to Karlsruhe-Helsinki partial-wave analysis of πN scattering [55], namely:
c1 =−0.75, c2 = 3.49, c3 =−4.77, c4 = 3.34, d̄1+ d̄2 = 6.21, d̄3 =−6.83, d̄5 = 0.78, d̄14− d̄15 =
−12.02, ē14 = 1.52 and ē17 =−0.37. These values are in a reasonable agreement with the ones of
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Long-range nuclear forces are completely determined by the  
chiral symmetry of QCD + experimental information on πN scattering

predicted in a parameter-free way
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Ordonez et al.;  Kaiser;  EE, Krebs, Meißner; Entem, Machleidt; …
The long-range NN force up to N4LO [Q5] 

3π-exchange potential is considerably 
weaker than the 2π-one and is 

described by contacts

order-Q2 πN 
amplitude

πN amplitude up to"
 order Q4

πN amplitude up 
to order-Q3

The TPE potential can be derived by taking the phase-space integral of the πN amplitudes 
computed in ChPT (Lorentz-transformed to the proper kinematics…) Kaiser ’00



 
All relevant LECs (in GeV-n) extracted from πN scattering Krebs, Gasparyan, EE ’12

Determination of the low-energy constants

Related recent work (all calculations lead to similar values of the LECs ):
— determination of the LECs from πN data
— LECs from Roy-Steiner-eq. analysis of πN-scattering Hoferichter et al. ’15;  Yao et al. ’16;  Siemens et al. ’16

Wendt et al. ’14;  Siemens et al. ’16

With the LECs taken from πN, the long-range NN force is completely fixed (parameter-free)

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē17

[Q4]HB,NN, GW PWA �1.13 3.69 �5.51 3.71 5.57 �5.35 0.02 �10.26 1.75 �0.58

[Q4]HB,NN, KH PWA �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �0.37

[Q4]covariant, data �0.82 3.56 �4.59 3.44 5.43 �4.58 �0.40 �9.94 �0.63 �0.90

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW, Ref. [?] �1.13 3.69 �5.51 3.71 5.57 �5.35 0.02 �10.26 1.75 �5.80 1.76 �0.58 0.96
fit to KH, Ref. [?] �0.75 3.49 �4.77 3.34 6.21 �6.83 0.78 �12.02 1.52 �10.41 6.08 �0.37 3.26

T = V + V G0T = V + V G0V + V G0V G0V + . . .

”�2/datum” (np, 0-200 MeV) = 1.8R=1.2 fm ! 0.8R=1.1 fm ! 0.6R=1.0 fm ! 0.7R=0.9 fm ! 0.8R=0.8 fm ,

while the results for pp channels are:

”�2/datum” (pp, 0-200 MeV) = 8.2R=1.2 fm ! 2.2R=1.1 fm ! 0.6R=1.0 fm ! 0.7R=0.9 fm ! 2.1R=0.8 fm .
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LO [Q0]:
NLO [Q2]:

N3LO [Q4]:

2 operators (S-waves)
+ 7 operators (S-, P-waves and ε1)

+ 15 operators (S-, P-, D-waves and ε1, ε2) 
N4LO [Q5]: no new isospin-conserving operators

N2LO [Q3]: no new isospin-conserving operators

The short-range part of the nuclear force (contact interactions)
Here, the organizational principle for contact terms is assumed to be according to NDA 
(Weinberg’s counting)
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TABLE III: �2/datum for the description of the Nijmegen neutron-proton and proton-proton phase shifts [25] as described in
the text at di↵erent orders in the chiral expansion for the cuto↵ R = 0.9 fm. Only those channels are included which have been
used in the N3LO/N4LO fits, namely the S-, P- and D-waves and the mixing angles ✏1 and ✏2.

Elab bin LO NLO N2LO N3LO N4LO

neutron-proton phase shifts

0–100 360 31 4.5 0.7 0.3

0–200 480 63 21 0.7 0.3

proton-proton phase shifts

0–100 5750 102 15 0.8 0.3

0–200 9150 560 130 0.7 0.6
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FIG. 1: Chiral expansion of the NN phase shifts in comparison with the NPWA [25] (solid dots) and the GWU single-energy
np partial wave analysis [58] (open triangles). Dotted, dashed, dashed-dotted, dashed-double-dotted and solid lines show the
results at LO, NLO, N2LO, N3LO and N4LO, respectively, calculated using the cuto↵ R = 0.9 fm. Only those partial wave are
shown which have been used in the fits at N3LO/N4LO.

 NN phase shifts order by order

Convergence of the chiral expansion for np phase shifts [using R = 0.9 fm]

EE, Krebs, Meißner, EPJ A51 (2015) 5, 53;  PRL 115 (2015) 122301

NN contact interactions are determined from fits to Nijmegen PWA below 200 MeV

Use a local r-space regulator for Vπ, R = 0.8…1.2 fm, & (nonlocal) Gaussian regulator for Vcont



 Uncertainty quantification

Nuclear χEFT in the Precision Era Evgeny Epelbaum
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Figure 8: Predictions for the np differential cross section dσ/dΩ, the analyzing power Ay, the
rotation parameter R, the polarization-transfer parameters Dt , Rt and At and the spin-correlation
parameters Cnn, Ckp, Cpp, Ckk, Azx and Azz at Elab = 143MeV calculated up to N4LO based on the
cutoff of R = 0.9fm. Data for the cross section are at Elab = 142.8MeV and taken from [92] and
for the analyzing power from [93]. For remaining notation see Fig. 6.

Using Eqs. (3.3) and (3.4) and adopting Q = Mπ/Λb, our predictions for AS at N4LO is AS =
0.8844± 0.0002 fm−1/2 while the accuracy for η is beyond the quoted figures. For the rd and Q,
our results are incomplete as we do not include relativistic corrections and meson-exchange current
contributions. The estimated size of these corrections is consistent with the deviation between our
values and the empirical numbers, see [18] for an extended discussion.

4. Beyond the two-nucleon system

Having developed the new generation of NN potentials up to N4LO and the novel approach
to uncertainty quantification, which has been validated in the NN system, we are well prepared to
test nuclear chiral EFT in heavier systems and to systematically analyze the role of the 3NF, which
has been the subject of intense experimental research at FZ Jülich, GANIL, KVI, RIKEN, TUNL
and other laboratories. This is the main goal of the recently formed Low Energy Nuclear Physics
International Collaboration (LENPIC). The numerical implementation of the 3NF regularized in
the same way as the NN potentials of Refs. [18, 19] is currently in progress so that no results
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proton-neutron scattering observables at Elab=143 MeV 

EE, Krebs, Meißner, EPJA 51 (2015) 53
estimated from the error !

plots Λb ~ 600 MeV

Use the explicitly calculated ΔX(i) to 
estimate the uncertainty δX(i) at order Qi:

subject to the additional constraint

easily applicable to any observable"
(scattering, bound states, 3N, …)

no reliance on the cutoff variation"
(not reliable)

for σtot, errors found to be consistent 
with 68% degree-of-belief intervals
Furnstahl et al., PRC 92 (2015) 024005 
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Optimization using NN scattering data

To avoid unnecessary model dependence, it is desirable to use NN scattering 
data for fixing contacts interactions instead of relying on the Nijmegen PWA

Patrick Reinert et al., in preparation



 
Used self-consistent data base by the Granada group [Perez et al.’13]

Optimization at N3LO and N4LO is performed with POUNDerS

Optimization using NN scattering data

Theoretical errors are incorporated (recursively)           no need to specify the energy range

In most cases, the results do not change significantly and stay within the estimated 
uncertainties… 
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Optimization using NN scattering data

Theoretical errors are incorporated (recursively)           no need to specify the energy range

In most cases, the results do not change significantly and stay within the estimated 
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Impact of optimization on the np diff. cross section and Ay at 200 MeV [for R=0.9fm]!



 

Energy bin N3LO Idaho 500/600 N4LO/N4LO+ CD Bonn 2000 AV18

neutron-proton data

0 � 100 MeV 1.17/1.35 1.08/1.08 1.08 1.08

0 � 200 MeV 1.17/1.33 1.09/1.10 1.07 1.10

0 � 300 MeV 1.24/1.38 1.15/1.13 1.09 1.13

proton-proton data

0 � 100 MeV 0.96/1.28 0.84/0.84 0.84 0.84

0 � 200 MeV 1.28/1.55 1.34/0.97 0.95 0.97

0 � 300 MeV 1.37/2.04 1.46/1.18 0.99 1.18

Energy bin LO NLO N2LO N3LO N4LO N4LO+

neutron-proton data

0 � 100 MeV 130.11 3.79 1.46 1.08 1.08 1.08

0 � 200 MeV 104.71 19.88 3.21 1.14 1.09 1.10

0 � 300 MeV 111.24 52.03 8.78 1.51 1.15 1.13

proton-proton data

0 � 100 MeV 2046.58 33.68 6.67 0.86 0.84 0.84

0 � 200 MeV 1649.58 115.60 81.11 1.95 1.34 0.97

0 � 300 MeV 1301.41 104.38 84.24 2.73 1.46 1.18
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2 LECs + 7 + 2 IB LECs + 15 LECs + 1 IB LEC

χ2 per datum for the description of the np and pp scattering data [R = 0.9 fm]

+ 5 LEC
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+ 5 LEC

"
"
          With four parameters I can fit an"
          elephant, and with five I can"
          make him wiggle his trunk.

John von Neumann
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χ2 per datum for the description of the np and pp scattering data [R = 0.9 fm]

+ 5 LEC

no new !
LECs

+1 LEC !
(1S0)

no new !
LECs

Clear evidence of the (parameter-free) chiral 2π-exchange! 

"
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          With four parameters I can fit an"
          elephant, and with five I can"
          make him wiggle his trunk.
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χ2 per datum for the description of the np and pp scattering data [R = 0.9 fm]

+ 5 LEC

What is the origin of the still somewhat large χ2 for pp data @ N4LO?
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χ2 per datum for the description of the np and pp scattering data [R = 0.9 fm]
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∃ some very precise pp data…

+ 5 LEC

What is the origin of the still somewhat large χ2 for pp data @ N4LO?
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0 � 300 MeV 1.24/1.38 1.15/1.13 1.09 1.13
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2 LECs + 7 + 2 IB LECs + 15 LECs + 1 IB LEC

χ2 per datum for the description of the np and pp scattering data [R = 0.9 fm]
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∃ some very precise pp data…

+ 5 LEC

What is the origin of the still somewhat large χ2 for pp data @ N4LO?
which are, however, still well described by the theory!
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neutron-proton data
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0 � 200 MeV 1.17/1.33 1.09/1.10 1.07 1.10
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χ2 per datum for the description of the np and pp scattering data [R = 0.9 fm]
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∃ some very precise pp data…

+ 5 LEC

What is the origin of the still somewhat large χ2 for pp data @ N4LO?
which are, however, still well described by the theory!
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neutron-proton data
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χ2 per datum for the description of the np and pp scattering data [R = 0.9 fm]
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∃ some very precise pp data…

+ 5 LEC

What is the origin of the still somewhat large χ2 for pp data @ N4LO?
which are, however, still well described by the theory!
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Energy bin LO NLO N2LO N3LO N4LO N4LO+

neutron-proton data

0 � 100 MeV 130.11 3.79 1.46 1.08 1.08 1.08

0 � 200 MeV 104.71 19.88 3.21 1.14 1.09 1.10

0 � 300 MeV 111.24 52.03 8.78 1.51 1.15 1.13

proton-proton data

0 � 100 MeV 2046.58 33.68 6.67 0.86 0.84 0.84

0 � 200 MeV 1649.58 115.60 81.11 1.95 (1.08) 0.97

0 � 300 MeV 1301.41 104.38 84.24 2.73 (1.28) 1.18
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Energy bin N3LO Idaho 500/600 N4LO/N4LO+ CD Bonn 2000 AV18
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0 � 100 MeV 1.17/1.35 1.08/1.08 1.08 1.08

0 � 200 MeV 1.17/1.33 1.09/1.10 1.07 1.10

0 � 300 MeV 1.24/1.38 1.15/1.13 1.09 1.13
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2 LECs + 7 + 2 IB LECs + 15 LECs + 1 IB LEC

χ2 per datum for the description of the np and pp scattering data [R = 0.9 fm]
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∃ some very precise pp data…

+ 5 LEC

What is the origin of the still somewhat large χ2 for pp data @ N4LO?
which are, however, still well described by the theory!
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χ2 per datum for the description of the np and pp scattering data [R = 0.9 fm]
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∃ some very precise pp data…

+ 5 LEC

What is the origin of the still somewhat large χ2 for pp data @ N4LO?
which are, however, still well described by the theory!

0

1

2

3

4

5

θCM [deg]

dσ
dΩ

 [m
b]

0 30 60 90 120 150 180

N4LO
3.0

3.5

4.0

4.5

θCM [deg]

dσ
dΩ

 [m
b]

0 30 60 90 120 150 180

N4LO
much lower χ2 per 
datum without "
the outliers

Energy bin LO NLO N2LO N3LO N4LO N4LO+

neutron-proton data

0 � 100 MeV 130.11 3.79 1.46 1.08 1.08 1.08

0 � 200 MeV 104.71 19.88 3.21 1.14 1.09 1.10

0 � 300 MeV 111.24 52.03 8.78 1.51 1.15 1.13

proton-proton data

0 � 100 MeV 2046.58 33.68 6.67 0.86 0.84 0.84

0 � 200 MeV 1649.58 115.60 81.11 1.95 (1.08) 0.97

0 � 300 MeV 1301.41 104.38 84.24 2.73 (1.28) 1.18

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 � d̄15 ē14 ē17
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 χ2 per datum for the description of the np and pp scattering data [R = 0.9 fm]

Energy bin N3LO Idaho 500/600 N4LO/N4LO+ CD Bonn 2000 Nijm II
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0 � 200 MeV 1.17/1.33 1.09/1.10 1.07 1.07

0 � 300 MeV 1.24/1.38 1.15/1.13 1.09 1.11
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0 � 100 MeV 0.96/1.28 0.84/0.84 0.84 0.83
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 χ2 per datum for the description of the np and pp scattering data [R = 0.9 fm]

Predictions for the scattering lengths and effective range parameters [R = 0.9 fm]!
(with respect to Riccati-Bessel/Coulomb functions)

predictions at N4LO Experimental/Empirical values
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* Recommended values, Bergervoet et al., Phys. Rev. C38 (1988) 15
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 Work in progress:  !
Inclusion of the chiral 3NF

Having developed these tools, namely
— accurate and precise NN potentials up to N4LO
— reliable approach for quantifying theoretical uncertainties,

we are well equipped to address the three-nucleon force problem. 

LENPIC: Low Energy Nuclear Physics International Collaboration
LENPIC

Notice: none of the existing 3NF models is able to reproduce 3N scattering"
             observables [Kalantar-Naestanaki, EE, Messchendorp, Nogga, Rept. Prog. Phys. 75 (12) 016301]



  Few-N results without 3NF
Is there evidence for missing 3N forces effects? Yes!

LENPIC: Low Energy Nuclear Physics International Collaboration
LENPIC

np total cross section [R = 0.9 fm]

Nuclear χEFT in the Precision Era Evgeny Epelbaum
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Figure 7: Chiral expansion of the np total cross section at different energies based on R = 0.9 fm
in comparison with experimental data of Ref. [90]. The horizontal band shows the result of the
NPWA.

Table 2: Deuteron binding energy Bd (in MeV), asymptotic S state normalization AS (in fm−1/2),
asymptotic D/S state ratio η , radius rd (in fm), quadrupole moment Q (in fm2) and the D-state
probability PD (in %) based on the cutoff R= 0.9 fm. Notice that rd and Q are calculated without
including exchange current contributions and relativistic corrections. References to experimental
data/empirical values can be found in Ref. [18].

LO NLO N2LO N3LO N4LO Empirical
Bd 2.0235 2.1987 2.2311 2.2246⋆ 2.2246⋆ 2.224575(9)
AS 0.8333 0.8772 0.8865 0.8845 0.8844 0.8846(9)
η 0.0212 0.0256 0.0256 0.0255 0.0255 0.0256(4)
rd 1.990 1.968 1.966 1.972 1.972 1.97535(85)
Q 0.230 0.273 0.270 0.271 0.271 0.2859(3)
PD 2.54 4.73 4.50 4.19 4.29
⋆The deuteron binding energy has been taken as input in the fit.

NPWA and confirm a good convergence of the chiral expansion. More results for NN observables
can be found in Refs. [18, 19].

As already advertised, the novel approach to uncertainty quantification is not restricted to a
particular choice of the regulator. Carrying out the error analysis for calculations based on different
choices of R thus provides a useful consistency check of the method. In Fig. 9, we show the results
for the total cross section at all orders starting from NLO and for all considered cutoff choices.
Within the quoted errors, the predictions based on different values of R agree with each other and
the NPWA for all orders in the chiral expansion. The accuracy of the predicted results for the cross
section shows the same dependence on the cutoff as the quality of the fits discussed in section 2.4.

In Table 2, we list our results for the deuteron properties. At the considered accuracy level,
the chiral expansion is nearly converged already at N3LO except for PD which is not an observable
quantity.8 The predicted values for AS and η are in excellent agreement with the empirical numbers.

8PD = 5%±1% has been used as an additional “data” point in the fits at N3LO and N4LO in order to stabilize the
results, see Ref. [18] for more detail.
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3NF structure functions at large distance are"
model-independent and parameter-free predictions"
based on χ symmetry of QCD + exp. information on πN system
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in chiral EFTNuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism

Nuclear currents in chiral EFT
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Chiral EFT Hamiltonian depends on external sources
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Electroweak probes on nucleons and nuclei can be described by current formalism

(Our) requirements on the current operators
must be off-shell consistent with the forces
should be renormalized (exploit unitary ambiguity)
(cutoff) regularization of the forces and currents 
should maintain the symmetry (cont. equation)

— Kölling, EE, Krebs, Meißner, PRC 80 (09) 045502; 86 (12) 047001!
— Jlab-Pisa group (TOPT), Pastore et al. ’08 - ’11

EM currents:

— Krebs, EE, Meißner, arXiv:1510.03569 [nucl-th]!
— Jlab-Pisa group (TOPT), Baroni et al. ’16!
— Hoferichter, Klos, Schwenk ’15

Axial currents:



single-nucleon two-nucleon three-nucleon

Q-3

Q-1

Q0

Q1

depend on d8, d9, d18, d21, d22,!
no 1/m corrections… 

parameter-free

depend on C2, C4, C5, C7 + L1, L2; !
no loop corrections depend on CT

parameter-free static two-pion exchange

parameter-free

 Electromagnetic currents
Chiral expansion of the electromagnetic current and charge operators 

ci

1/m

di

ei



 The low-energy constants
4. Fitting Procedure
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Figure 4.1.: The solid line shows the global fit of the di�erential cross section calculated
in HBChPT up to O(q3). The dotted (dashed) line refers to the parameter
free leading order (next-to leading order) calculation.
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4. Fitting Procedure

process LAB energy [MeV] no. of data reference

(a) ⇤�p ⇥ �n T⇥ = 9.88 (T� = 159.83) 3 K. Liu [21]

(b) ⇤�p ⇥ �n T⇥ = 14.61 (T� = 164.56) 4 K. Liu [21]

(c) ⇤�p ⇥ �n T⇥ = 19.85 (T� = 169.80) 4 K. Liu [21]

(d) ⇤�p ⇥ �n T⇥ = 27.40 (T� = 177.35) 9 M. Salomon et al. [22]

(e) ⇤�p ⇥ �n T⇥ = 39.40 (T� = 189.25) 9 M. Salomon et al. [22]

(f) �p ⇥ ⇤+n T� = 153.89 8 E. Korkmaz et al. [23]

Table 4.2.: Overview of the data used for the fit.

di�erential cross section at the correct energy. A data point of the j’th data set is then
shifted: {xj , Oj} ⇥ {(xj�2(j�1)), Oj}, where Oj denotes the observable (cross section)
measured at the variation parameter xj (CMS angle). Now the function f(x) is fitted to
the 37 (shifted) data points by minimizing the squares of the deviation of a datapoint
and the fitted curve, where each deviation is weighted by the square of its corresponding
error bar. The goodness of the fit is described in terms of ⌅2, wich is, in accordance to
the weights, defined by

⌅2 =
�

i

(f(xi)�Oi)
2

⇥O2
i

. (4.2)

Since ⌅2 scales naturally with the number of data, the better measure of the goodness
of a fit is the ⌅2 per degree of freedom, given by

⌅2/d.o.f =
⌅2

(no. of data)� (no. of parameters)
, (4.3)

where no. of parameters is equal to three in our case. The best fit is shown in Figure
4.1, separately for each energy with the interval of x-values shifted back to the original
one x ⇤ {�1, 1}. The result of the estimation of the three unknown parameters is shown
in Table 5.1. The error given for the parameter estimate is the standard error, emerging
from the fitting routine and should only serve for a crude orientation. More work has to
be done to give a qualified error estimate.
Additional insight can be obtained by studying the evolution of ⌅2/d.o.f when varying

one of the fitting parameters and keeping the other two fixed. This is shown in Figure
4.2. In the case of the parameters d̄20 and the combination 2d̄21 � d̄22, the position
of the minimum seems to be clear. When varying d̄9, the situation is di�erent. There
are two minima and the slope is much lower (note the di�erent scaling of the vertical
axes). While the latter fact shows that there is a much larger error in the estimate of
d̄9 in comparison with the other parameters, the second minimum refers to a second
solution. A fit with constraining d̄9 to negative values gives d̄9 = �7.5GeV �2 and
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4.1, separately for each energy with the interval of x-values shifted back to the original
one x ⇤ {�1, 1}. The result of the estimation of the three unknown parameters is shown
in Table 5.1. The error given for the parameter estimate is the standard error, emerging
from the fitting routine and should only serve for a crude orientation. More work has to
be done to give a qualified error estimate.
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4. Fitting Procedure

(a) T⇡ = 9.88 MeV (b) T⇡ = 14.61 MeV

(c) T⇡ = 19.85 MeV (d) T⇡ = 27.40 MeV

(e) T⇡ = 39.30 MeV (f) T� = 152.89 MeV

Figure 4.1.: The solid line shows the global fit of the di�erential cross section calculated
in HBChPT up to O(q3). The dotted (dashed) line refers to the parameter
free leading order (next-to leading order) calculation.
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 - contribute to
charged pion photoproducti-
on (radiative capture)

5. Results

bi estimate in terms of d̄i Fearing et al. present work

b10 13.7± 4.5 d̄9 2.5± 0.8 2.2± 0.9

b21 �8.2± 0.7 d̄20 �1.5± 0.5 �3.2± 0.5

b22 9.2± 0.6 2d̄21 � d̄22 5.7± 0.8 6.8± 1.0

⇥2/d.o.f. 1.59 1.52

Table 5.2.: Result from [24] obtained by a fit to exactly the same cross section data used
in this work.

d̄i Gasparyan et al. present work

d̄9 �0.06 2.2± 0.9

d̄20 0.61 �3.2± 0.5

2d̄21 � d̄22 0.05 6.8± 1.0

Table 5.3.: Result from [28].

determined by the fit. Instead it is estimated by associating it with the mean square of
the nucleon axial radius

�
r2
⇥
A
. Thus,

b23 = �1

6
(4�F )2

�
r2
⇥
A
gA = �3.01± 0.3, (5.2)

where
�
r2
⇥
A

has been measured for e.g. in [26] or [27]. Therefore we can translate
the estimate of b22 in an estimate of the combination 2d̄21 � d̄22. Finally we show the
comparison of the results of Fearing et al. and ours, in Table 5.2, which are in good
agreement. Inded, this is not surprising, since the two approaches are very similar to
each other.
Another work is provided by [28], grounded on an approach, which is a combination

of chiral pertubation and dispersion relation theory. Within their framework one sys-
tematically obtains lower values for the parameters, than in ours. A comparison of the
numerical results is shown in Table in Table 5.3.

5.2. Conclusions

The situation regarding d̄9 still seems to be very unclear. There is a large discrepancy
of about fifty magnitudes between the results of di�erent works. The di�erential cross-
section is fairly insensitive to d̄9 - the details are discussesd in Appendix A - such that it
is not obvious whether or not the discrepancy is of conceptual nature or simply the result
of a bad choice of the testing ground and the lack of more, precise data.Nevertheless,
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FIG. 1. (Color online) The total cross section σtot for the γ + d → p + n reaction. The chiral
N4LO, R=0.9 fm predictions for the SNC (SNC+Siegert) current model are shown with the dashed

red (thick black dashed) curve. The AV18 predictions for the SNC, SNC+Siegert and SNC+MEC
current models are shown with the double-dotted-dashed green, dotted violet and solid blue curve,
respectively. The experimental data are from Ref. [46] (black ”x”), [47] (magenta squares), [48]

(open circles), [49] (black pluses) and [50] (black dots).

obtain very similar predictions, practically indistinguishable at photon energies below ap-
proximately 30 MeV. At the higher energies a small difference develops between the chiral
and the AV18 potential, with the chiral predictions lying closer to the data.

Next we study a more detailed observable, namely the differential cross section at two
photon laboratory energies Eγ=30 MeV (Fig. 2, the upper row) and Eγ=100 MeV (Fig. 2,
the lower row). In the left panel we show the convergence of predictions for R=0.9 fm with
respect to the order of the chiral expansion. In the middle panel the uncertainty of theoretical
predictions due to the truncation of higher order contributions is given. Finally, in the right
panel, we demonstrate the dependence of predictions on the values of the regulator R at
N4LO using five different values of R: 0.8, 0.9, 1.0, 1.1 and 1.2 fm. Our best prediction,
SNC+Siegert for R=0.9 fm is represented by the thick black dashed curve and is shown
both in the left and right panels. For the sake of comparison, also the AV18 prediction given
by the thick violet dotted line is displayed in these two panels. The same arrangement of
curves will be preserved also in Figs. 3-6, 8 and 12.

It is clear that for both energies one has to go beyond the leading order (LO) to describe
data. At the lower energy all the higher than LO predictions are close to each other, but
at Eγ=100 MeV the convergence is reached only at N3LO. The truncation errors presented
in the central panel confirm this observation and the band at N4LO lies on the N3LO
one. A small but visible width of the N4LO band for the higher energy suggests that some
contributions from higher orders are still possible for this observable. The cut-off dependence
of the cross section is very small at lower energy and increases with energy, reaching at
Eγ=100 MeV about 20% at small proton c.m. scattering angles. However, a more careful
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To maintain consistency between currents and forces (symmetry), we generate regularized 
longitudinal terms in the current via the continuity equation (i.e. Siegert approach).

Transverse terms in the currents are to be regularized and included explicitly (in progress…)

Total cross section for the deuteron photo-disintegration !
reaction γ + d → p + n 

Electromagnetic exchange currents

1N, AV18

1N, N4LO

Siegert, N4LO

Siegert, AV18
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Using 1N current, the ft value is off by ~ 5%          exchange current contribution!
Up to Q1 (i.e. N3LO), no LECs except for 
known ci and cD involved. Fixing cD in the "
strong sector allows one to predict ft!"
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  Comparison with Baroni et al.

For 3H β-decay (        ), the N3LO contribution to the 2N current by Baroni et al. is: 

where the various loop functions are defined as:

does not exist in the chiral limit!"
(in contrast to our results) 
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  Comparison with Baroni et al.

For 3H β-decay (        ), the N3LO contribution to the 2N current by Baroni et al. is: 

where the various loop functions are defined as:

does not exist in the chiral limit!"
(in contrast to our results) 

Baroni et al., PRC93 (2016) 015501;  PRC94 (2016) 024003
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the currents have different long-range parts! 

We find: 
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 Summary and outlook
A new generation of accurate and precise chiral NN potentials up to N4LO
[good convergence of the chiral expansion, not much room for improvement beyond N4LO/N4LO+…]

A simple approach to estimate truncation error (validated in the NN system)

Expressions for vector and axial-vector currents worked out up to N3LO

These developments open the way for highly nontrivial 
precision tests of nuclear chiral EFT"

opportunities for SFB 1245!
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A simple approach to estimate truncation error (validated in the NN system)

Expressions for vector and axial-vector currents worked out up to N3LO

These developments open the way for highly nontrivial 
precision tests of nuclear chiral EFT"

opportunities for SFB 1245!

Photodisintegration and radiative capture few-N reactions (beyond Siegert)

Ongoing work and outlook for the near future:

Inclusion of 3NFs at N3LO and N4LO (LENPIC). The unsolved discrepancies 
in Nd scattering will pose a challenge for the theory… 

Precision tests of chiral forces in light & medium-mass nuclei (spectra, radii)

Symmetry-preserving regularization of the current operators (continuity eq.)

Validating the theory for 3H β-decay (parameter-free up to N3LO), μ-capture 
reactions, … 


