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Nuclear Interactions from Chiral EFT�Chiral expansion of nuclear forces
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Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)
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 Non-Local Interactions
• NN+3N interactions with same chiral 

orders and regulator scheme and scale 


• up to N3LO with different cutoff values


• low-energy constants fit to A=2,3 data 
and 16O ground-state energy


T. Hüther et al., PLB 808, 135651 (2020)
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Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-Kraft
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Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-Kraft

N4LO (Q5)

NN 3N 4N

LO
N

LO
N

2
LO

N
3

LO
N

4
LO

Semi-Local Interactions

• consistent NN+3N interactions and two-
body currents / charge densities


• NN available up to N4LO+ 
3N at N2LO... soon N3LO, partial N4LO


• low-energy constants fit exclusively to 
A=2,3 data 


LENPIC Collab, PRC 103, 054001 (2021)  
PRC (2022) accepted




variation of all truncation 
parameters gives access to 

systematic UQ

in ab initio methods 
uncertainties result in a 

controlled way from 
truncations

Uncertainty Quantification

! chiral EFT uncertainties 

• assess convergence of observables in dependence of chiral truncation order


• convergence affected by regulator scheme and scale, degrees of freedom


!many-body uncertainties


• assess convergence of observables with model-space truncation


• convergence affected by basis choice, truncation scheme, Hamiltonian

7

all theory calculations are affected by 
systematic uncertainties (some also by 

statistical uncertainties)

use Bayesian methods 
to estimate size of omitted 

contributions based on known 
systematics



8

Many-Body Tools

A02 A04 B05

No-Core Shell Model / Configuration Interaction 

Many-Body Perturbation Theory

Similarity Remormalization Group

Functional RG

Valence-Space Shell Model

Few-Body Methods

In-Medium Similarity Renormalization Group

. . .

all methods are computationally limited... 



9

Many-Body Tools: Emulators

real many-body 
calculations provide the information 

needed for the construction of  
the emulator

use emulators to 
circumvent computationally 

expensive many-body 
calculations

! eigenvector continuation for parameter variations

• use tiny but highly problem-adapted basis set extracted from full many-body 

solution (eigenvectors)


• powerful tool for large-scale parameter variations, e.g. for LEC fitting


! artificial neural networks for model-space extrapolation


• train ANN to predict converged observables based on sequences of non-
converged many-body calculations


• provides robust "extrapolations" with statistically sound uncertainties 

. . .



Just one specific example...


 

A04: In-Medium NCSM Study  
of Neon Isotopes



Barrett, Vary, Navrátil, Maris, Nogga, Roth,... 

No-Core Shell Model

11

! idea: solve eigenvalue problem of Hamiltonian represented in model space 
of HO Slater determinants truncated w.r.t. HO excitation energy NmaxħΩ

H |�ni = En |�ni

0
BBBBBBBBBBBBBB@

...

... h��|H |��0 i ...

...

1
CCCCCCCCCCCCCCA

0
BBBBBBBBBBBBBB@

...

C(n)�0

...

1
CCCCCCCCCCCCCCA

= En

0
BBBBBBBBBBBBBB@

...

C(n)�

...

1
CCCCCCCCCCCCCCA

no-core shell model is 
universal and powerful ab initio approach for  

light nuclei (up to A≈25) 



Multi-Reference In-Medium SRG

12

decouple reference state from  
excitations by a unitary transformation of  

Hamiltonian and other operators

! idea: use multi-reference formulation of IM-SRG to decouple reference 
space for rest of model space, i.e., block diagonalize A-body Hamiltonian

0
BBBBBBBBBBBBBB@

...

... h��|H |��0 i ...

...

1
CCCCCCCCCCCCCCA

0
BBBBBBBBBBBBBB@

...

... h��|H |��0 i ...

...

1
CCCCCCCCCCCCCCA

d

ds
H(s) =
⇥
�(s), H(s)
⇤

Hergert, Gebrerufael, Vobig, Mongelli, Roth,…
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In-Medium NCSM 

• use in-medium evolved Hamiltonian for a 
subsequent NCSM calculation


• access to ground and excited states and full 
suite of observables

• IM-SRG evolution of multi-reference normal-
ordered Hamiltonian and other operators


• decoupling of particle-hole excitations, i.e., 
pre-diagonalization in many-body space

• ground-state from NCSM at small Nmax as 
reference state for multi-reference IM-SRG


• access to all open-shell nuclei and 
systematically improvable

NCSM 
reference state

MR-IM-SRG 
decoupling

NCSM 
many-body solution



Gebrerufael, Vobig, Hergert, Roth; PRL 118, 152503 (2017)

14

In-Medium NCSM: Flow Evolution

Hamilton 
matrix in 
Nmax=2 
space

s [MeV-1]

E
[M
eV

]

10-4 10-3 10-2 10-1 100
-95

-90

-85

-80

-75

-70

-65

-60 12C


chiral NN+3N

Λ3N=400 MeV

α=0.08 fm4

ħΩ=20 MeV

emax=12


Nmax=0 reference

HF basis

Nmax=0

Nmax=2

Nmax=4

Nmax=6

Nmax=8



Neon Isotopes: Ground-State Energies

15

! amazing reproduction 
of experimental 
energies for all 
isotopes


! uncertainties under 
control

Mongelli et al., in preparation 

Λ = 500 MeV

α = 0.04 fm4

ħΩ = 20 MeV

emax = 12

NAT basis

<latexit sha1_base64="tdogRbT+wdU56Bm36GrVvnyPEWE=">AAACOXicbVA9SwNBEJ3z2/gVtbRZDYKFhLsgaiMINlaiYFRIYtjbm9PFvQ9258RwXO2vsdXCX2JpJ7b+ATfJFUYdWHjz3gxv5/mpkoZc980ZG5+YnJqema3MzS8sLlWXVy5MkmmBTZGoRF/53KCSMTZJksKrVCOPfIWX/t1RX7+8R21kEp9TL8VOxG9iGUrByVLd6vpJN28TPlAe8YeiuC4bjWFRsAPmbje61ZpbdwfF/gKvBDUo67S77EA7SEQWYUxCcWNanptSJ+eapFBYVNqZwZSLO36DLQtjHqHp5INbCrZpmYCFibYvJjZgf27kPDKmF/l2MuJ0a35rffI/rZVRuN/JZZxmhLEYGoWZYpSwfjAskBoFqZ4FXGhp/8rELddckI1v1EXj/cgVeRqERskAh+6Vis3M+53QX3DRqHu7de9sp3ZYL9ObgTXYgC3wYA8O4RhOoQkCHuEJnuHFeXXenQ/nczg65pQ7qzBSztc3rX6syw==</latexit>

Nref
max = 0,2

<latexit sha1_base64="B87Vb9lreywnkmp12WvBmeN7z5E=">AAACKnicbVDLSgNBEOyNrxhfMR69DAbBU9iVoF4EwYsniWBUSEKYne01Q2YfzPSGhCW/4lUPfo234NUPcfI4GLVgoKjqpnrKT5U05LoTp7Cyura+UdwsbW3v7O6V9ysPJsm0wKZIVKKffG5QyRibJEnhU6qRR77CR79/PfUfB6iNTOJ7GqXYifhzLEMpOFmpW67cdvM24ZDyiA/HY3bJ6t1y1a25M7C/xFuQKizQ6O470A4SkUUYk1DcmJbnptTJuSYpFI5L7cxgykWfP2PL0phHaDr57PgxO7ZKwMJE2xcTm6k/N3IeGTOKfDsZceqZ395U/M9rZRRedHIZpxlhLOZBYaYYJWzaBAukRkFqZAkXWtpbmehxzQXZvpZTNA6WfpGnQWiUDHCeXirZzrzfDf0lD6c176zm3dWrV7VFe0U4hCM4AQ/O4QpuoAFNEDCEF3iFN+fd+XAmzud8tOAsdg5gCc7XN6DVpi8=</latexit>

Nmax = 4

error bars: 
68% interaction 
uncertainties


error bands:

interaction + 
many-body 
uncertainties

<latexit sha1_base64="QRb0m+VckdJKRpZZOqIZb9nDYa4=">AAACN3icbVA9SwNBEJ3z2/gVtbRwMQhW4U5EbQTBxkoimCgkMeztzeni3ge7c2I4rvTX2GrhT7GyE1v/gZvkCqMOLLx5b4a38/xUSUOu++ZMTE5Nz8zOzVcWFpeWV6qray2TZFpgUyQq0Vc+N6hkjE2SpPAq1cgjX+Glf3cy0C/vURuZxBfUT7Eb8ZtYhlJwslSvunnWyzuED5RH/KEorstGY1gU7Ii5vWrNrbvDYn+BV4IalNXorTrQCRKRRRiTUNyYtuem1M25JikUFpVOZjDl4o7fYNvCmEdouvnwkoJtWyZgYaLti4kN2Z8bOY+M6Ue+nYw43Zrf2oD8T2tnFB52cxmnGWEsRkZhphglbBALC6RGQapvARda2r8yccs1F2TDG3fReD92RZ4GoVEywJF7pWIz834n9Be0duveft0736sd18v05mADtmAHPDiAYziFBjRBwCM8wTO8OK/Ou/PhfI5GJ5xyZx3Gyvn6BqnxrFk=</latexit>

Nref
max = 0

<latexit sha1_base64="zHdjnMUfe0SSkzFLXwKBBUy4ocM=">AAACN3icbVA9SwNBEJ3z2/gVtbRwMQhW4U5EbQTBxkoimCgkMeztzeni3ge7c2I4rvTX2GrhT7GyE1v/gZvkCqMOLLx5b4a38/xUSUOu++ZMTE5Nz8zOzVcWFpeWV6qray2TZFpgUyQq0Vc+N6hkjE2SpPAq1cgjX+Glf3cy0C/vURuZxBfUT7Eb8ZtYhlJwslSvunnWyzuED5RH/KEorstGY1gU7Ijt9qo1t+4Oi/0FXglqUFajt+pAJ0hEFmFMQnFj2p6bUjfnmqRQWFQ6mcGUizt+g20LYx6h6ebDSwq2bZmAhYm2LyY2ZH9u5Dwyph/5djLidGt+awPyP62dUXjYzWWcZoSxGBmFmWKUsEEsLJAaBam+BVxoaf/KxC3XXJANb9xF4/3YFXkahEbJAEfulYrNzPud0F/Q2q17+3XvfK92XC/Tm4MN2IId8OAAjuEUGtAEAY/wBM/w4rw6786H8zkanXDKnXUYK+frG61XrFs=</latexit>

Nref
max = 2

family of 
non-local NN+3N interactions

T. Hüther et al., PLB 808, 135651 (2020)



Neon Isotopes: Charge Radii

16

! excellent description 
of radii, slight 
underestimation for 
light isotopes


! stable results in N2LO 
and N3LO

Mongelli et al., in preparation 

Λ = 500 MeV

α = 0.04 fm4

ħΩ = 20 MeV

emax = 12

NAT basis

<latexit sha1_base64="tdogRbT+wdU56Bm36GrVvnyPEWE=">AAACOXicbVA9SwNBEJ3z2/gVtbRZDYKFhLsgaiMINlaiYFRIYtjbm9PFvQ9258RwXO2vsdXCX2JpJ7b+ATfJFUYdWHjz3gxv5/mpkoZc980ZG5+YnJqema3MzS8sLlWXVy5MkmmBTZGoRF/53KCSMTZJksKrVCOPfIWX/t1RX7+8R21kEp9TL8VOxG9iGUrByVLd6vpJN28TPlAe8YeiuC4bjWFRsAPmbje61ZpbdwfF/gKvBDUo67S77EA7SEQWYUxCcWNanptSJ+eapFBYVNqZwZSLO36DLQtjHqHp5INbCrZpmYCFibYvJjZgf27kPDKmF/l2MuJ0a35rffI/rZVRuN/JZZxmhLEYGoWZYpSwfjAskBoFqZ4FXGhp/8rELddckI1v1EXj/cgVeRqERskAh+6Vis3M+53QX3DRqHu7de9sp3ZYL9ObgTXYgC3wYA8O4RhOoQkCHuEJnuHFeXXenQ/nczg65pQ7qzBSztc3rX6syw==</latexit>

Nref
max = 0,2

<latexit sha1_base64="B87Vb9lreywnkmp12WvBmeN7z5E=">AAACKnicbVDLSgNBEOyNrxhfMR69DAbBU9iVoF4EwYsniWBUSEKYne01Q2YfzPSGhCW/4lUPfo234NUPcfI4GLVgoKjqpnrKT5U05LoTp7Cyura+UdwsbW3v7O6V9ysPJsm0wKZIVKKffG5QyRibJEnhU6qRR77CR79/PfUfB6iNTOJ7GqXYifhzLEMpOFmpW67cdvM24ZDyiA/HY3bJ6t1y1a25M7C/xFuQKizQ6O470A4SkUUYk1DcmJbnptTJuSYpFI5L7cxgykWfP2PL0phHaDr57PgxO7ZKwMJE2xcTm6k/N3IeGTOKfDsZceqZ395U/M9rZRRedHIZpxlhLOZBYaYYJWzaBAukRkFqZAkXWtpbmehxzQXZvpZTNA6WfpGnQWiUDHCeXirZzrzfDf0lD6c176zm3dWrV7VFe0U4hCM4AQ/O4QpuoAFNEDCEF3iFN+fd+XAmzud8tOAsdg5gCc7XN6DVpi8=</latexit>

Nmax = 4

error bars: 
68% interaction 
uncertainties


error bands:

interaction + 
many-body 
uncertainties

<latexit sha1_base64="QRb0m+VckdJKRpZZOqIZb9nDYa4=">AAACN3icbVA9SwNBEJ3z2/gVtbRwMQhW4U5EbQTBxkoimCgkMeztzeni3ge7c2I4rvTX2GrhT7GyE1v/gZvkCqMOLLx5b4a38/xUSUOu++ZMTE5Nz8zOzVcWFpeWV6qray2TZFpgUyQq0Vc+N6hkjE2SpPAq1cgjX+Glf3cy0C/vURuZxBfUT7Eb8ZtYhlJwslSvunnWyzuED5RH/KEorstGY1gU7Ii5vWrNrbvDYn+BV4IalNXorTrQCRKRRRiTUNyYtuem1M25JikUFpVOZjDl4o7fYNvCmEdouvnwkoJtWyZgYaLti4kN2Z8bOY+M6Ue+nYw43Zrf2oD8T2tnFB52cxmnGWEsRkZhphglbBALC6RGQapvARda2r8yccs1F2TDG3fReD92RZ4GoVEywJF7pWIz834n9Be0duveft0736sd18v05mADtmAHPDiAYziFBjRBwCM8wTO8OK/Ou/PhfI5GJ5xyZx3Gyvn6BqnxrFk=</latexit>

Nref
max = 0

<latexit sha1_base64="zHdjnMUfe0SSkzFLXwKBBUy4ocM=">AAACN3icbVA9SwNBEJ3z2/gVtbRwMQhW4U5EbQTBxkoimCgkMeztzeni3ge7c2I4rvTX2GrhT7GyE1v/gZvkCqMOLLx5b4a38/xUSUOu++ZMTE5Nz8zOzVcWFpeWV6qray2TZFpgUyQq0Vc+N6hkjE2SpPAq1cgjX+Glf3cy0C/vURuZxBfUT7Eb8ZtYhlJwslSvunnWyzuED5RH/KEorstGY1gU7Ijt9qo1t+4Oi/0FXglqUFajt+pAJ0hEFmFMQnFj2p6bUjfnmqRQWFQ6mcGUizt+g20LYx6h6ebDSwq2bZmAhYm2LyY2ZH9u5Dwyph/5djLidGt+awPyP62dUXjYzWWcZoSxGBmFmWKUsEEsLJAaBam+BVxoaf/KxC3XXJANb9xF4/3YFXkahEbJAEfulYrNzPud0F/Q2q17+3XvfK92XC/Tm4MN2IId8OAAjuEUGtAEAY/wBM/w4rw6786H8zkanXDKnXUYK+frG61XrFs=</latexit>

Nref
max = 2

family of 
non-local NN+3N interactions

T. Hüther et al., PLB 808, 135651 (2020)



Neon Isotopes: Excitation Energies
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! excellent description 
of excitation spectra

Mongelli et al., in preparation 

Λ = 500 MeV

α = 0.04 fm4

ħΩ = 20 MeV

emax = 12

NAT basis

<latexit sha1_base64="B87Vb9lreywnkmp12WvBmeN7z5E=">AAACKnicbVDLSgNBEOyNrxhfMR69DAbBU9iVoF4EwYsniWBUSEKYne01Q2YfzPSGhCW/4lUPfo234NUPcfI4GLVgoKjqpnrKT5U05LoTp7Cyura+UdwsbW3v7O6V9ysPJsm0wKZIVKKffG5QyRibJEnhU6qRR77CR79/PfUfB6iNTOJ7GqXYifhzLEMpOFmpW67cdvM24ZDyiA/HY3bJ6t1y1a25M7C/xFuQKizQ6O470A4SkUUYk1DcmJbnptTJuSYpFI5L7cxgykWfP2PL0phHaDr57PgxO7ZKwMJE2xcTm6k/N3IeGTOKfDsZceqZ395U/M9rZRRedHIZpxlhLOZBYaYYJWzaBAukRkFqZAkXWtpbmehxzQXZvpZTNA6WfpGnQWiUDHCeXirZzrzfDf0lD6c176zm3dWrV7VFe0U4hCM4AQ/O4QpuoAFNEDCEF3iFN+fd+XAmzud8tOAsdg5gCc7XN6DVpi8=</latexit>

Nmax = 4

error bars: 
68% interaction 
uncertainties


error bands:

interaction + 
many-body 
uncertainties

<latexit sha1_base64="zHdjnMUfe0SSkzFLXwKBBUy4ocM=">AAACN3icbVA9SwNBEJ3z2/gVtbRwMQhW4U5EbQTBxkoimCgkMeztzeni3ge7c2I4rvTX2GrhT7GyE1v/gZvkCqMOLLx5b4a38/xUSUOu++ZMTE5Nz8zOzVcWFpeWV6qray2TZFpgUyQq0Vc+N6hkjE2SpPAq1cgjX+Glf3cy0C/vURuZxBfUT7Eb8ZtYhlJwslSvunnWyzuED5RH/KEorstGY1gU7Ijt9qo1t+4Oi/0FXglqUFajt+pAJ0hEFmFMQnFj2p6bUjfnmqRQWFQ6mcGUizt+g20LYx6h6ebDSwq2bZmAhYm2LyY2ZH9u5Dwyph/5djLidGt+awPyP62dUXjYzWWcZoSxGBmFmWKUsEEsLJAaBam+BVxoaf/KxC3XXJANb9xF4/3YFXkahEbJAEfulYrNzPud0F/Q2q17+3XvfK92XC/Tm4MN2IId8OAAjuEUGtAEAY/wBM/w4rw6786H8zkanXDKnXUYK+frG61XrFs=</latexit>

Nref
max = 2

family of 
non-local NN+3N interactions

T. Hüther et al., PLB 808, 135651 (2020)
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Following Talks

A02 A04 B05

Sebastian Dietz 
- 

Energy distribution of 
3n systems

Takayuki Miyagi 
- 

Heavy-mass frontier in 
nuclear ab initio calculations

Jonas Keller 
- 

Nuclear EOS for arbitrary 
proton fraction and 

temperature

Tobias Wolfgruber 
- 

From chiral interactions to 
NCSM observables 

Andreas Geissel 
- 

Towards the EOS of  
neutron stars

Julius Müller 
- 

First results from the  
Gamow-NCSM


