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• Chiral effective field theory (at lower densities)
• Systematic description of NN, 3N, … interactions
• RG evolution to low-momentum scales
• EoS from MBPT:  

Order-by-order convergence, finite temperature
• Functional renormalization group (at higher densities)

• Dynamic generation of Fierz complete four-quark  
self-interactions by gauge degrees of freedom

• Connecting to low-energy effective model  
and first results on the EoS

• Conclusions and outlook

Outline
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[Braun, ML, Pospiech, PRD 96, 076003 (2017)] 
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Chiral effective
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Weinberg, van Kolck, Kaplan, Savage, Wise, Epelbaum, Kaiser, Machleidt, Meißner, ...

… and ongoing work at N4LO, N5LO, …

Chiral effective field theory of nuclear interactions
Systematic hierarchy in terms of

➡ Nuclear potentials VNN, V3N, … (Λ), with LECs fitted to NN, 3N, … data
➡ MBPT calculations, predictions for nuclear matter EoS 

cD cE

Q /ΛB
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Efficient Monte-Carlo framework for MBPT 
calculations with chiral interactions 

[Drischler, Hebeler, Schwenk, arXiv:1710.08220] 
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FIG. 5. (Color online) Energy per particle in neutron matter
(top row) and symmetric nuclear matter (bottom row) based
on chiral interactions at N2LO (first column) and N3LO (sec-
ond column) fit to the empirical saturation region (see Fig. 4).
The fits are labeled by ⇤/cD in the legend. As in Fig. 5, we also
give the symmetry energy Esym and its slope parameter L at
each order. The blue (⇤ = 500 MeV) and gray (⇤ = 450 MeV)
bands estimate the theoretical uncertainty following Ref. [38].
Note that the annotated results for Esym and L do not include
the latter uncertainty.

expansion around Hartree-Fock, but it can be easily gen-
eralized to expansions around other reference states. This
enabled first benchmarks of chiral low-momentum inter-
actions to fourth order in MBPT showing a systematic
order-by-order convergence. We then used this to develop
new chiral interactions at N2LO and N3LO, including NN,
3N, and 4N interactions at N3LO, where the 3N couplings
are fit to the triton and to saturation properties. Our work
shows that a good description of nuclear matter at these
orders is possible, with a systematic behavior from N2LO
to N3LO and natural low-energy couplings. Thanks to
the computational e�ciency, the new framework is also
ideal for the incorporation of nuclear matter properties in
the fitting of novel nuclear interactions. It will be exciting
to see what these interactions predict for nuclei and for
the equation of state for astrophysics.
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R. Machleidt for providing us with the EMN potentials.
We also thank C. Iwainsky for helping us to optimize
the code performance. This work was supported in part

by the European Research Council Grant No. 307986
STRONGINT and the Deutsche Forschungsgemeinschaft
through Grant SFB 1245. Computational resources have
been provided by the Lichtenberg high performance com-
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• Explore Many-Body Uncertainties  
→MBPT at high orders: automatic code 
generation 
here: 4th order; 5th, 6th order in progress

• Efficient treatment of 3N, 4N @ N3LO, … 
analytical expressions instead of PW

• Constrain LEC fits in terms of nuclear saturation 
here: fit 3N LECs cD, cE to 3H and study 
saturation  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Very low densities (dilute Fermi gas): pionless EFT 
LECs matched to low-energy T-matrix:

MPBT calculation of ground-state energy = expansion in kFas

Comparison with QMC calculations [Gandolfi, Gezerlis, Carlson, arXiv:1501.05675] 

E/E0 = 1 + 0.357 kFas + 0.186 (kFas)
2 + 0.03 (kFas)

3
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�0.05 (kFas)
4 + . . .
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[Bishop, Ann.Phys.77 (1972)]

[Wellenhofer, Drischler, Schwenk, in preparation (2018)]

T (k) ⇠ as � ika2s + . . .
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Current work: extend framework, with focus on 
astrophysical applications

• Generalize MBPT framework consistently to finite T 
Energy denominator poles  
→ sum over cyclic permutations, cancels poles  

• Statistical quasiparticles in higher-order MBPT     [Wellenhofer, arXiv:1804.03040] 
→ Fermi-liquid phenomenology, improved EoS parametrizations

• Generate EoS tables for astrophysical applications 
→ Efficient MC framework to treat large parameter space (T, ρ, Yp)

• Extension of EoS to higher densities → functional RG methods  

⇠ ninj(1� nk)(1� nl)/(ei + ej � ek � el)
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Functional methodsChiral effective
field theory Perturbative methods

[Kurkela et al., 2014]
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QCD phase diagram: 
Neutron stars and the cold dense EoS
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‣Stiffness of EoS
‣Non-equilibrium processes, 

e.g. transport properties, 
cooling rate
‣…

‣Quarks and gluons 
as only dofs
‣Weak coupling 

expansion

Strongly correlated matter 
at intermediate densities:
variety of condensates as 

non-perturbative phenomena 
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Functional renormalization group (FRG)
From high to low energies in QCD
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k ⇠ Q
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⇤
<latexit sha1_base64="NrpA2Cno6C419an8yxT+S134SV4=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaOuBgcM55zL3niAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTFHWpolIVC9AzQSXrG24EayXKoZxIFg3mNzO/e4TU5on8tFMU+bHOJI84hSNlbqDexsNcVituXV3AbJOvILUoEBrWP0ahAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyMXVglJlCj7pCEL9fdEjrHW0ziwyRjNWK96c/E/r5+Z6MbPuUwzwyRdfhRlgpiEzG8nIVeMGjG1BKnidldCx6iQGttQxZbgrZ68TjqNuufWvYerWrNR1FGGMziHS/DgGppwBy1oA4UJPMMrvDmp8+K8Ox/LaMkpZk7hD5zPHwbVj00=</latexit><latexit sha1_base64="NrpA2Cno6C419an8yxT+S134SV4=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaOuBgcM55zL3niAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTFHWpolIVC9AzQSXrG24EayXKoZxIFg3mNzO/e4TU5on8tFMU+bHOJI84hSNlbqDexsNcVituXV3AbJOvILUoEBrWP0ahAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyMXVglJlCj7pCEL9fdEjrHW0ziwyRjNWK96c/E/r5+Z6MbPuUwzwyRdfhRlgpiEzG8nIVeMGjG1BKnidldCx6iQGttQxZbgrZ68TjqNuufWvYerWrNR1FGGMziHS/DgGppwBy1oA4UJPMMrvDmp8+K8Ox/LaMkpZk7hD5zPHwbVj00=</latexit><latexit sha1_base64="NrpA2Cno6C419an8yxT+S134SV4=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaOuBgcM55zL3niAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTFHWpolIVC9AzQSXrG24EayXKoZxIFg3mNzO/e4TU5on8tFMU+bHOJI84hSNlbqDexsNcVituXV3AbJOvILUoEBrWP0ahAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyMXVglJlCj7pCEL9fdEjrHW0ziwyRjNWK96c/E/r5+Z6MbPuUwzwyRdfhRlgpiEzG8nIVeMGjG1BKnidldCx6iQGttQxZbgrZ68TjqNuufWvYerWrNR1FGGMziHS/DgGppwBy1oA4UJPMMrvDmp8+K8Ox/LaMkpZk7hD5zPHwbVj00=</latexit><latexit sha1_base64="NrpA2Cno6C419an8yxT+S134SV4=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaOuBgcM55zL3niAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTFHWpolIVC9AzQSXrG24EayXKoZxIFg3mNzO/e4TU5on8tFMU+bHOJI84hSNlbqDexsNcVituXV3AbJOvILUoEBrWP0ahAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyMXVglJlCj7pCEL9fdEjrHW0ziwyRjNWK96c/E/r5+Z6MbPuUwzwyRdfhRlgpiEzG8nIVeMGjG1BKnidldCx6iQGttQxZbgrZ68TjqNuufWvYerWrNR1FGGMziHS/DgGppwBy1oA4UJPMMrvDmp8+K8Ox/LaMkpZk7hD5zPHwbVj00=</latexit>

0
<latexit sha1_base64="elr18gdODKYb3N5ICnBhHiZs0CU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz90SYyk</latexit><latexit sha1_base64="elr18gdODKYb3N5ICnBhHiZs0CU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz90SYyk</latexit><latexit sha1_base64="elr18gdODKYb3N5ICnBhHiZs0CU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz90SYyk</latexit><latexit sha1_base64="elr18gdODKYb3N5ICnBhHiZs0CU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz90SYyk</latexit>
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<latexit sha1_base64="aBrzaVTcRd6eIGFyV58NWeVpOr0=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6b0uSu4cVnBPqAdSibNtKFJZkwyhTL0O9y4UMStH+POvzHTVlDRA4HDOfdyT04Qc6YNQh/OxubW9s5ubi+/f3B4dFw4Oe3oKFGEtknEI9ULsKacSdo2zHDaixXFIuC0G0yvM787o0qzSN6ZeUx9gceShYxgYyV/OhwIbCZKpEQthoUichslr1JtQOSWPa9WrViCaqhSr0PPRUsUwRqtYeF9MIpIIqg0hGOt+x6KjZ9iZRjhdJEfJJrGmEzxmPYtlVhQ7afL0At4aZURDCNlnzRwqX7fSLHQei4CO5lF1L+9TPzL6ycmrPspk3FiqCSrQ2HCoYlg1gAcMUWJ4XNLMFHMZoVkghUmxvaUtyV8/RT+Tzol10Oud1suNkvrOnLgHFyAK+CBGmiCG9ACbUDAPXgAT+DZmTmPzovzuhrdcNY7Z+AHnLdP0I2SvA==</latexit><latexit sha1_base64="aBrzaVTcRd6eIGFyV58NWeVpOr0=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6b0uSu4cVnBPqAdSibNtKFJZkwyhTL0O9y4UMStH+POvzHTVlDRA4HDOfdyT04Qc6YNQh/OxubW9s5ubi+/f3B4dFw4Oe3oKFGEtknEI9ULsKacSdo2zHDaixXFIuC0G0yvM787o0qzSN6ZeUx9gceShYxgYyV/OhwIbCZKpEQthoUichslr1JtQOSWPa9WrViCaqhSr0PPRUsUwRqtYeF9MIpIIqg0hGOt+x6KjZ9iZRjhdJEfJJrGmEzxmPYtlVhQ7afL0At4aZURDCNlnzRwqX7fSLHQei4CO5lF1L+9TPzL6ycmrPspk3FiqCSrQ2HCoYlg1gAcMUWJ4XNLMFHMZoVkghUmxvaUtyV8/RT+Tzol10Oud1suNkvrOnLgHFyAK+CBGmiCG9ACbUDAPXgAT+DZmTmPzovzuhrdcNY7Z+AHnLdP0I2SvA==</latexit><latexit sha1_base64="aBrzaVTcRd6eIGFyV58NWeVpOr0=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6b0uSu4cVnBPqAdSibNtKFJZkwyhTL0O9y4UMStH+POvzHTVlDRA4HDOfdyT04Qc6YNQh/OxubW9s5ubi+/f3B4dFw4Oe3oKFGEtknEI9ULsKacSdo2zHDaixXFIuC0G0yvM787o0qzSN6ZeUx9gceShYxgYyV/OhwIbCZKpEQthoUichslr1JtQOSWPa9WrViCaqhSr0PPRUsUwRqtYeF9MIpIIqg0hGOt+x6KjZ9iZRjhdJEfJJrGmEzxmPYtlVhQ7afL0At4aZURDCNlnzRwqX7fSLHQei4CO5lF1L+9TPzL6ycmrPspk3FiqCSrQ2HCoYlg1gAcMUWJ4XNLMFHMZoVkghUmxvaUtyV8/RT+Tzol10Oud1suNkvrOnLgHFyAK+CBGmiCG9ACbUDAPXgAT+DZmTmPzovzuhrdcNY7Z+AHnLdP0I2SvA==</latexit><latexit sha1_base64="aBrzaVTcRd6eIGFyV58NWeVpOr0=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6b0uSu4cVnBPqAdSibNtKFJZkwyhTL0O9y4UMStH+POvzHTVlDRA4HDOfdyT04Qc6YNQh/OxubW9s5ubi+/f3B4dFw4Oe3oKFGEtknEI9ULsKacSdo2zHDaixXFIuC0G0yvM787o0qzSN6ZeUx9gceShYxgYyV/OhwIbCZKpEQthoUichslr1JtQOSWPa9WrViCaqhSr0PPRUsUwRqtYeF9MIpIIqg0hGOt+x6KjZ9iZRjhdJEfJJrGmEzxmPYtlVhQ7afL0At4aZURDCNlnzRwqX7fSLHQei4CO5lF1L+9TPzL6ycmrPspk3FiqCSrQ2HCoYlg1gAcMUWJ4XNLMFHMZoVkghUmxvaUtyV8/RT+Tzol10Oud1suNkvrOnLgHFyAK+CBGmiCG9ACbUDAPXgAT+DZmTmPzovzuhrdcNY7Z+AHnLdP0I2SvA==</latexit>

[Braun, ML, Pospiech, PRD 97, 076010 (2018)]
Mainz, July 2018 | CRC 1245 Workshop | Corbinian Wellenhofer and Marc Leonhardt  
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Functional renormalization group (FRG)
From high to low energies in QCD
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<latexit sha1_base64="WKwc0Qp/CoeBlHIJiqD/TnGCugc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWMC5gHJEmYnnWTIzOw6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJYIb6/vf3sbm1vbObmGvuH9weHRcOjltmTjVDJssFrHuRNSg4AqblluBnUQjlZHAdjS5m/vtJ9SGx+rBThMMJR0pPuSMWid1JqRnuCSNfqnsV/wFyDoJclKGHPV+6as3iFkqUVkmqDHdwE9smFFtORM4K/ZSgwllEzrCrqOKSjRhtrh3Ri6dMiDDWLtSlizU3xMZlcZMZeQ6JbVjs+rNxf+8bmqHt2HGVZJaVGy5aJgKYmMyf54MuEZmxdQRyjR3txI2ppoy6yIquhCC1ZfXSataCfxK0Lgu16p5HAU4hwu4ggBuoAb3UIcmMBDwDK/w5j16L96797Fs3fDymTP4A+/zBzO4j1s=</latexit><latexit sha1_base64="WKwc0Qp/CoeBlHIJiqD/TnGCugc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWMC5gHJEmYnnWTIzOw6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJYIb6/vf3sbm1vbObmGvuH9weHRcOjltmTjVDJssFrHuRNSg4AqblluBnUQjlZHAdjS5m/vtJ9SGx+rBThMMJR0pPuSMWid1JqRnuCSNfqnsV/wFyDoJclKGHPV+6as3iFkqUVkmqDHdwE9smFFtORM4K/ZSgwllEzrCrqOKSjRhtrh3Ri6dMiDDWLtSlizU3xMZlcZMZeQ6JbVjs+rNxf+8bmqHt2HGVZJaVGy5aJgKYmMyf54MuEZmxdQRyjR3txI2ppoy6yIquhCC1ZfXSataCfxK0Lgu16p5HAU4hwu4ggBuoAb3UIcmMBDwDK/w5j16L96797Fs3fDymTP4A+/zBzO4j1s=</latexit><latexit sha1_base64="WKwc0Qp/CoeBlHIJiqD/TnGCugc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWMC5gHJEmYnnWTIzOw6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJYIb6/vf3sbm1vbObmGvuH9weHRcOjltmTjVDJssFrHuRNSg4AqblluBnUQjlZHAdjS5m/vtJ9SGx+rBThMMJR0pPuSMWid1JqRnuCSNfqnsV/wFyDoJclKGHPV+6as3iFkqUVkmqDHdwE9smFFtORM4K/ZSgwllEzrCrqOKSjRhtrh3Ri6dMiDDWLtSlizU3xMZlcZMZeQ6JbVjs+rNxf+8bmqHt2HGVZJaVGy5aJgKYmMyf54MuEZmxdQRyjR3txI2ppoy6yIquhCC1ZfXSataCfxK0Lgu16p5HAU4hwu4ggBuoAb3UIcmMBDwDK/w5j16L96797Fs3fDymTP4A+/zBzO4j1s=</latexit><latexit sha1_base64="WKwc0Qp/CoeBlHIJiqD/TnGCugc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWMC5gHJEmYnnWTIzOw6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJYIb6/vf3sbm1vbObmGvuH9weHRcOjltmTjVDJssFrHuRNSg4AqblluBnUQjlZHAdjS5m/vtJ9SGx+rBThMMJR0pPuSMWid1JqRnuCSNfqnsV/wFyDoJclKGHPV+6as3iFkqUVkmqDHdwE9smFFtORM4K/ZSgwllEzrCrqOKSjRhtrh3Ri6dMiDDWLtSlizU3xMZlcZMZeQ6JbVjs+rNxf+8bmqHt2HGVZJaVGy5aJgKYmMyf54MuEZmxdQRyjR3txI2ppoy6yIquhCC1ZfXSataCfxK0Lgu16p5HAU4hwu4ggBuoAb3UIcmMBDwDK/w5j16L96797Fs3fDymTP4A+/zBzO4j1s=</latexit>

⇤
<latexit sha1_base64="NrpA2Cno6C419an8yxT+S134SV4=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaOuBgcM55zL3niAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTFHWpolIVC9AzQSXrG24EayXKoZxIFg3mNzO/e4TU5on8tFMU+bHOJI84hSNlbqDexsNcVituXV3AbJOvILUoEBrWP0ahAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyMXVglJlCj7pCEL9fdEjrHW0ziwyRjNWK96c/E/r5+Z6MbPuUwzwyRdfhRlgpiEzG8nIVeMGjG1BKnidldCx6iQGttQxZbgrZ68TjqNuufWvYerWrNR1FGGMziHS/DgGppwBy1oA4UJPMMrvDmp8+K8Ox/LaMkpZk7hD5zPHwbVj00=</latexit><latexit sha1_base64="NrpA2Cno6C419an8yxT+S134SV4=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaOuBgcM55zL3niAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTFHWpolIVC9AzQSXrG24EayXKoZxIFg3mNzO/e4TU5on8tFMU+bHOJI84hSNlbqDexsNcVituXV3AbJOvILUoEBrWP0ahAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyMXVglJlCj7pCEL9fdEjrHW0ziwyRjNWK96c/E/r5+Z6MbPuUwzwyRdfhRlgpiEzG8nIVeMGjG1BKnidldCx6iQGttQxZbgrZ68TjqNuufWvYerWrNR1FGGMziHS/DgGppwBy1oA4UJPMMrvDmp8+K8Ox/LaMkpZk7hD5zPHwbVj00=</latexit><latexit sha1_base64="NrpA2Cno6C419an8yxT+S134SV4=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaOuBgcM55zL3niAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTFHWpolIVC9AzQSXrG24EayXKoZxIFg3mNzO/e4TU5on8tFMU+bHOJI84hSNlbqDexsNcVituXV3AbJOvILUoEBrWP0ahAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyMXVglJlCj7pCEL9fdEjrHW0ziwyRjNWK96c/E/r5+Z6MbPuUwzwyRdfhRlgpiEzG8nIVeMGjG1BKnidldCx6iQGttQxZbgrZ68TjqNuufWvYerWrNR1FGGMziHS/DgGppwBy1oA4UJPMMrvDmp8+K8Ox/LaMkpZk7hD5zPHwbVj00=</latexit><latexit sha1_base64="NrpA2Cno6C419an8yxT+S134SV4=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaOuBgcM55zL3niAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTFHWpolIVC9AzQSXrG24EayXKoZxIFg3mNzO/e4TU5on8tFMU+bHOJI84hSNlbqDexsNcVituXV3AbJOvILUoEBrWP0ahAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyMXVglJlCj7pCEL9fdEjrHW0ziwyRjNWK96c/E/r5+Z6MbPuUwzwyRdfhRlgpiEzG8nIVeMGjG1BKnidldCx6iQGttQxZbgrZ68TjqNuufWvYerWrNR1FGGMziHS/DgGppwBy1oA4UJPMMrvDmp8+K8Ox/LaMkpZk7hD5zPHwbVj00=</latexit>

0
<latexit sha1_base64="elr18gdODKYb3N5ICnBhHiZs0CU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz90SYyk</latexit><latexit sha1_base64="elr18gdODKYb3N5ICnBhHiZs0CU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz90SYyk</latexit><latexit sha1_base64="elr18gdODKYb3N5ICnBhHiZs0CU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz90SYyk</latexit><latexit sha1_base64="elr18gdODKYb3N5ICnBhHiZs0CU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSyx2WK27VXYJsEi8nFcjRHJa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3VNIItZ8tD52TK6uMSBgrW9KQpfp7IqOR1rMosJ0RNRO97i3E/7x+asJbP+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3SqVU9t+q1biqNWh5HES7gEq7Bgzo04B6a0AYGCM/wCm/Oo/PivDsfq9aCk8+cwx84nz90SYyk</latexit>
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Strong coupling gs(Λ) only parameter!

gs(Λ) at Λ = 10 GeV within exp. error [Bethke, 2006]
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<latexit sha1_base64="bKGmpXeK47ZVZlfpQWhyQafu+3Q=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnomifEY8OIxolkgGUJPp2fSpGehu0cIQz7BiwdFvPpF3vwbO4ugog8KHu9VUVXPTwVXGuMPq7C2vrG5Vdwu7ezu7R+UD486KskkZW2aiET2fKKY4DFra64F66WSkcgXrOtPruZ+955JxZP4Tk9T5kUkjHnAKdFGug2HaliuYNtt1FznAmG77rqNetUQXHerVRc5Nl6gAiu0huX3wSihWcRiTQVRqu/gVHs5kZpTwWalQaZYSuiEhKxvaEwiprx8ceoMnRllhIJEmoo1WqjfJ3ISKTWNfNMZET1Wv725+JfXz3Rw6eU8TjPNYrpcFGQC6QTN/0YjLhnVYmoIoZKbWxEdE0moNumUTAhfn6L/Sce1HWw7N7VKE6/iKMIJnMI5ONCAJlxDC9pAIYQHeIJnS1iP1ov1umwtWKuZY/gB6+0TqOuN/A==</latexit><latexit sha1_base64="bKGmpXeK47ZVZlfpQWhyQafu+3Q=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnomifEY8OIxolkgGUJPp2fSpGehu0cIQz7BiwdFvPpF3vwbO4ugog8KHu9VUVXPTwVXGuMPq7C2vrG5Vdwu7ezu7R+UD486KskkZW2aiET2fKKY4DFra64F66WSkcgXrOtPruZ+955JxZP4Tk9T5kUkjHnAKdFGug2HaliuYNtt1FznAmG77rqNetUQXHerVRc5Nl6gAiu0huX3wSihWcRiTQVRqu/gVHs5kZpTwWalQaZYSuiEhKxvaEwiprx8ceoMnRllhIJEmoo1WqjfJ3ISKTWNfNMZET1Wv725+JfXz3Rw6eU8TjPNYrpcFGQC6QTN/0YjLhnVYmoIoZKbWxEdE0moNumUTAhfn6L/Sce1HWw7N7VKE6/iKMIJnMI5ONCAJlxDC9pAIYQHeIJnS1iP1ov1umwtWKuZY/gB6+0TqOuN/A==</latexit><latexit sha1_base64="bKGmpXeK47ZVZlfpQWhyQafu+3Q=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnomifEY8OIxolkgGUJPp2fSpGehu0cIQz7BiwdFvPpF3vwbO4ugog8KHu9VUVXPTwVXGuMPq7C2vrG5Vdwu7ezu7R+UD486KskkZW2aiET2fKKY4DFra64F66WSkcgXrOtPruZ+955JxZP4Tk9T5kUkjHnAKdFGug2HaliuYNtt1FznAmG77rqNetUQXHerVRc5Nl6gAiu0huX3wSihWcRiTQVRqu/gVHs5kZpTwWalQaZYSuiEhKxvaEwiprx8ceoMnRllhIJEmoo1WqjfJ3ISKTWNfNMZET1Wv725+JfXz3Rw6eU8TjPNYrpcFGQC6QTN/0YjLhnVYmoIoZKbWxEdE0moNumUTAhfn6L/Sce1HWw7N7VKE6/iKMIJnMI5ONCAJlxDC9pAIYQHeIJnS1iP1ov1umwtWKuZY/gB6+0TqOuN/A==</latexit><latexit sha1_base64="bKGmpXeK47ZVZlfpQWhyQafu+3Q=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnomifEY8OIxolkgGUJPp2fSpGehu0cIQz7BiwdFvPpF3vwbO4ugog8KHu9VUVXPTwVXGuMPq7C2vrG5Vdwu7ezu7R+UD486KskkZW2aiET2fKKY4DFra64F66WSkcgXrOtPruZ+955JxZP4Tk9T5kUkjHnAKdFGug2HaliuYNtt1FznAmG77rqNetUQXHerVRc5Nl6gAiu0huX3wSihWcRiTQVRqu/gVHs5kZpTwWalQaZYSuiEhKxvaEwiprx8ceoMnRllhIJEmoo1WqjfJ3ISKTWNfNMZET1Wv725+JfXz3Rw6eU8TjPNYrpcFGQC6QTN/0YjLhnVYmoIoZKbWxEdE0moNumUTAhfn6L/Sce1HWw7N7VKE6/iKMIJnMI5ONCAJlxDC9pAIYQHeIJnS1iP1ov1umwtWKuZY/gB6+0TqOuN/A==</latexit>

Gluodynamics

kcr
<latexit sha1_base64="aBrzaVTcRd6eIGFyV58NWeVpOr0=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6b0uSu4cVnBPqAdSibNtKFJZkwyhTL0O9y4UMStH+POvzHTVlDRA4HDOfdyT04Qc6YNQh/OxubW9s5ubi+/f3B4dFw4Oe3oKFGEtknEI9ULsKacSdo2zHDaixXFIuC0G0yvM787o0qzSN6ZeUx9gceShYxgYyV/OhwIbCZKpEQthoUichslr1JtQOSWPa9WrViCaqhSr0PPRUsUwRqtYeF9MIpIIqg0hGOt+x6KjZ9iZRjhdJEfJJrGmEzxmPYtlVhQ7afL0At4aZURDCNlnzRwqX7fSLHQei4CO5lF1L+9TPzL6ycmrPspk3FiqCSrQ2HCoYlg1gAcMUWJ4XNLMFHMZoVkghUmxvaUtyV8/RT+Tzol10Oud1suNkvrOnLgHFyAK+CBGmiCG9ACbUDAPXgAT+DZmTmPzovzuhrdcNY7Z+AHnLdP0I2SvA==</latexit><latexit sha1_base64="aBrzaVTcRd6eIGFyV58NWeVpOr0=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6b0uSu4cVnBPqAdSibNtKFJZkwyhTL0O9y4UMStH+POvzHTVlDRA4HDOfdyT04Qc6YNQh/OxubW9s5ubi+/f3B4dFw4Oe3oKFGEtknEI9ULsKacSdo2zHDaixXFIuC0G0yvM787o0qzSN6ZeUx9gceShYxgYyV/OhwIbCZKpEQthoUichslr1JtQOSWPa9WrViCaqhSr0PPRUsUwRqtYeF9MIpIIqg0hGOt+x6KjZ9iZRjhdJEfJJrGmEzxmPYtlVhQ7afL0At4aZURDCNlnzRwqX7fSLHQei4CO5lF1L+9TPzL6ycmrPspk3FiqCSrQ2HCoYlg1gAcMUWJ4XNLMFHMZoVkghUmxvaUtyV8/RT+Tzol10Oud1suNkvrOnLgHFyAK+CBGmiCG9ACbUDAPXgAT+DZmTmPzovzuhrdcNY7Z+AHnLdP0I2SvA==</latexit><latexit sha1_base64="aBrzaVTcRd6eIGFyV58NWeVpOr0=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6b0uSu4cVnBPqAdSibNtKFJZkwyhTL0O9y4UMStH+POvzHTVlDRA4HDOfdyT04Qc6YNQh/OxubW9s5ubi+/f3B4dFw4Oe3oKFGEtknEI9ULsKacSdo2zHDaixXFIuC0G0yvM787o0qzSN6ZeUx9gceShYxgYyV/OhwIbCZKpEQthoUichslr1JtQOSWPa9WrViCaqhSr0PPRUsUwRqtYeF9MIpIIqg0hGOt+x6KjZ9iZRjhdJEfJJrGmEzxmPYtlVhQ7afL0At4aZURDCNlnzRwqX7fSLHQei4CO5lF1L+9TPzL6ycmrPspk3FiqCSrQ2HCoYlg1gAcMUWJ4XNLMFHMZoVkghUmxvaUtyV8/RT+Tzol10Oud1suNkvrOnLgHFyAK+CBGmiCG9ACbUDAPXgAT+DZmTmPzovzuhrdcNY7Z+AHnLdP0I2SvA==</latexit><latexit sha1_base64="aBrzaVTcRd6eIGFyV58NWeVpOr0=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6b0uSu4cVnBPqAdSibNtKFJZkwyhTL0O9y4UMStH+POvzHTVlDRA4HDOfdyT04Qc6YNQh/OxubW9s5ubi+/f3B4dFw4Oe3oKFGEtknEI9ULsKacSdo2zHDaixXFIuC0G0yvM787o0qzSN6ZeUx9gceShYxgYyV/OhwIbCZKpEQthoUichslr1JtQOSWPa9WrViCaqhSr0PPRUsUwRqtYeF9MIpIIqg0hGOt+x6KjZ9iZRjhdJEfJJrGmEzxmPYtlVhQ7afL0At4aZURDCNlnzRwqX7fSLHQei4CO5lF1L+9TPzL6ycmrPspk3FiqCSrQ2HCoYlg1gAcMUWJ4XNLMFHMZoVkghUmxvaUtyV8/RT+Tzol10Oud1suNkvrOnLgHFyAK+CBGmiCG9ACbUDAPXgAT+DZmTmPzovzuhrdcNY7Z+AHnLdP0I2SvA==</latexit>

[Braun, ML, Pospiech, PRD 97, 076010 (2018)]
Mainz, July 2018 | CRC 1245 Workshop | Corbinian Wellenhofer and Marc Leonhardt  
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Functional renormalization group (FRG)
From high to low energies in QCD
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<latexit sha1_base64="WKwc0Qp/CoeBlHIJiqD/TnGCugc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWMC5gHJEmYnnWTIzOw6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJYIb6/vf3sbm1vbObmGvuH9weHRcOjltmTjVDJssFrHuRNSg4AqblluBnUQjlZHAdjS5m/vtJ9SGx+rBThMMJR0pPuSMWid1JqRnuCSNfqnsV/wFyDoJclKGHPV+6as3iFkqUVkmqDHdwE9smFFtORM4K/ZSgwllEzrCrqOKSjRhtrh3Ri6dMiDDWLtSlizU3xMZlcZMZeQ6JbVjs+rNxf+8bmqHt2HGVZJaVGy5aJgKYmMyf54MuEZmxdQRyjR3txI2ppoy6yIquhCC1ZfXSataCfxK0Lgu16p5HAU4hwu4ggBuoAb3UIcmMBDwDK/w5j16L96797Fs3fDymTP4A+/zBzO4j1s=</latexit><latexit sha1_base64="WKwc0Qp/CoeBlHIJiqD/TnGCugc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWMC5gHJEmYnnWTIzOw6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJYIb6/vf3sbm1vbObmGvuH9weHRcOjltmTjVDJssFrHuRNSg4AqblluBnUQjlZHAdjS5m/vtJ9SGx+rBThMMJR0pPuSMWid1JqRnuCSNfqnsV/wFyDoJclKGHPV+6as3iFkqUVkmqDHdwE9smFFtORM4K/ZSgwllEzrCrqOKSjRhtrh3Ri6dMiDDWLtSlizU3xMZlcZMZeQ6JbVjs+rNxf+8bmqHt2HGVZJaVGy5aJgKYmMyf54MuEZmxdQRyjR3txI2ppoy6yIquhCC1ZfXSataCfxK0Lgu16p5HAU4hwu4ggBuoAb3UIcmMBDwDK/w5j16L96797Fs3fDymTP4A+/zBzO4j1s=</latexit><latexit sha1_base64="WKwc0Qp/CoeBlHIJiqD/TnGCugc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWMC5gHJEmYnnWTIzOw6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJYIb6/vf3sbm1vbObmGvuH9weHRcOjltmTjVDJssFrHuRNSg4AqblluBnUQjlZHAdjS5m/vtJ9SGx+rBThMMJR0pPuSMWid1JqRnuCSNfqnsV/wFyDoJclKGHPV+6as3iFkqUVkmqDHdwE9smFFtORM4K/ZSgwllEzrCrqOKSjRhtrh3Ri6dMiDDWLtSlizU3xMZlcZMZeQ6JbVjs+rNxf+8bmqHt2HGVZJaVGy5aJgKYmMyf54MuEZmxdQRyjR3txI2ppoy6yIquhCC1ZfXSataCfxK0Lgu16p5HAU4hwu4ggBuoAb3UIcmMBDwDK/w5j16L96797Fs3fDymTP4A+/zBzO4j1s=</latexit><latexit sha1_base64="WKwc0Qp/CoeBlHIJiqD/TnGCugc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHgxWMC5gHJEmYnnWTIzOw6MyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1090VJYIb6/vf3sbm1vbObmGvuH9weHRcOjltmTjVDJssFrHuRNSg4AqblluBnUQjlZHAdjS5m/vtJ9SGx+rBThMMJR0pPuSMWid1JqRnuCSNfqnsV/wFyDoJclKGHPV+6as3iFkqUVkmqDHdwE9smFFtORM4K/ZSgwllEzrCrqOKSjRhtrh3Ri6dMiDDWLtSlizU3xMZlcZMZeQ6JbVjs+rNxf+8bmqHt2HGVZJaVGy5aJgKYmMyf54MuEZmxdQRyjR3txI2ppoy6yIquhCC1ZfXSataCfxK0Lgu16p5HAU4hwu4ggBuoAb3UIcmMBDwDK/w5j16L96797Fs3fDymTP4A+/zBzO4j1s=</latexit>

⇤
<latexit sha1_base64="NrpA2Cno6C419an8yxT+S134SV4=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaOuBgcM55zL3niAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTFHWpolIVC9AzQSXrG24EayXKoZxIFg3mNzO/e4TU5on8tFMU+bHOJI84hSNlbqDexsNcVituXV3AbJOvILUoEBrWP0ahAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyMXVglJlCj7pCEL9fdEjrHW0ziwyRjNWK96c/E/r5+Z6MbPuUwzwyRdfhRlgpiEzG8nIVeMGjG1BKnidldCx6iQGttQxZbgrZ68TjqNuufWvYerWrNR1FGGMziHS/DgGppwBy1oA4UJPMMrvDmp8+K8Ox/LaMkpZk7hD5zPHwbVj00=</latexit><latexit sha1_base64="NrpA2Cno6C419an8yxT+S134SV4=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaOuBgcM55zL3niAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTFHWpolIVC9AzQSXrG24EayXKoZxIFg3mNzO/e4TU5on8tFMU+bHOJI84hSNlbqDexsNcVituXV3AbJOvILUoEBrWP0ahAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyMXVglJlCj7pCEL9fdEjrHW0ziwyRjNWK96c/E/r5+Z6MbPuUwzwyRdfhRlgpiEzG8nIVeMGjG1BKnidldCx6iQGttQxZbgrZ68TjqNuufWvYerWrNR1FGGMziHS/DgGppwBy1oA4UJPMMrvDmp8+K8Ox/LaMkpZk7hD5zPHwbVj00=</latexit><latexit sha1_base64="NrpA2Cno6C419an8yxT+S134SV4=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaOuBgcM55zL3niAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTFHWpolIVC9AzQSXrG24EayXKoZxIFg3mNzO/e4TU5on8tFMU+bHOJI84hSNlbqDexsNcVituXV3AbJOvILUoEBrWP0ahAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyMXVglJlCj7pCEL9fdEjrHW0ziwyRjNWK96c/E/r5+Z6MbPuUwzwyRdfhRlgpiEzG8nIVeMGjG1BKnidldCx6iQGttQxZbgrZ68TjqNuufWvYerWrNR1FGGMziHS/DgGppwBy1oA4UJPMMrvDmp8+K8Ox/LaMkpZk7hD5zPHwbVj00=</latexit><latexit sha1_base64="NrpA2Cno6C419an8yxT+S134SV4=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRF0GXBjQsXFewD2lBuJpN26GQSZiZCCf0INy4Ucev3uPNvnLZZaOuBgcM55zL3niAVXBvX/XZKG5tb2zvl3cre/sHhUfX4pKOTTFHWpolIVC9AzQSXrG24EayXKoZxIFg3mNzO/e4TU5on8tFMU+bHOJI84hSNlbqDexsNcVituXV3AbJOvILUoEBrWP0ahAnNYiYNFah133NT4+eoDKeCzSqDTLMU6QRHrG+pxJhpP1+sOyMXVglJlCj7pCEL9fdEjrHW0ziwyRjNWK96c/E/r5+Z6MbPuUwzwyRdfhRlgpiEzG8nIVeMGjG1BKnidldCx6iQGttQxZbgrZ68TjqNuufWvYerWrNR1FGGMziHS/DgGppwBy1oA4UJPMMrvDmp8+K8Ox/LaMkpZk7hD5zPHwbVj00=</latexit>

0
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Strong coupling gs(Λ) only parameter!

gs(Λ) at Λ = 10 GeV within exp. error [Bethke, 2006]
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Fierz-completeness 
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variety of condensates
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RG flow of four-quark interactions
Illustration of the RG flow at zero temperature

T = 0
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RG flow of four-quark interactions
Illustration of the RG flow at zero temperature

T = 0
<latexit sha1_base64="XjeaHhvSoP+seAeYJosJZTS8BCw="></latexit><latexit sha1_base64="XjeaHhvSoP+seAeYJosJZTS8BCw="></latexit><latexit sha1_base64="XjeaHhvSoP+seAeYJosJZTS8BCw="></latexit><latexit sha1_base64="XjeaHhvSoP+seAeYJosJZTS8BCw="></latexit>

-3

-2

-1

0

1

2

3

0.1 0.15 0.2 0.25 0.3

λ i

k/Λ

λ
λ
λ
λ
λ
λ
λ
λ
λ
λ

�(V�A)k
<latexit sha1_base64="mWQDwNp9L+Js3u7lGrVSrKFint4="></latexit><latexit sha1_base64="mWQDwNp9L+Js3u7lGrVSrKFint4="></latexit><latexit sha1_base64="mWQDwNp9L+Js3u7lGrVSrKFint4="></latexit><latexit sha1_base64="mWQDwNp9L+Js3u7lGrVSrKFint4="></latexit>

�(V�A)?
<latexit sha1_base64="ytuFCmCCG7nvPiQYIYdM6jzxTCk="></latexit><latexit sha1_base64="ytuFCmCCG7nvPiQYIYdM6jzxTCk="></latexit><latexit sha1_base64="ytuFCmCCG7nvPiQYIYdM6jzxTCk="></latexit><latexit sha1_base64="ytuFCmCCG7nvPiQYIYdM6jzxTCk="></latexit>

�(V+A)?
<latexit sha1_base64="B/4zlN4L6nYrpxQ5Q24wxsGK1HY="></latexit><latexit sha1_base64="B/4zlN4L6nYrpxQ5Q24wxsGK1HY="></latexit><latexit sha1_base64="B/4zlN4L6nYrpxQ5Q24wxsGK1HY="></latexit><latexit sha1_base64="B/4zlN4L6nYrpxQ5Q24wxsGK1HY="></latexit>

�(V+A)adjk
<latexit sha1_base64="EhT5IN5zum9EU9zH6LuaGoBwgo0="></latexit><latexit sha1_base64="EhT5IN5zum9EU9zH6LuaGoBwgo0="></latexit><latexit sha1_base64="EhT5IN5zum9EU9zH6LuaGoBwgo0="></latexit><latexit sha1_base64="EhT5IN5zum9EU9zH6LuaGoBwgo0="></latexit>

�(V�A)adj?
<latexit sha1_base64="Df+Bbn3vXLH39TtjG42aLkhbW7s="></latexit><latexit sha1_base64="Df+Bbn3vXLH39TtjG42aLkhbW7s="></latexit><latexit sha1_base64="Df+Bbn3vXLH39TtjG42aLkhbW7s="></latexit><latexit sha1_base64="Df+Bbn3vXLH39TtjG42aLkhbW7s="></latexit>

�csc
<latexit sha1_base64="SaaFc93JHMWrFe1Fde7ytNGYUU0="></latexit><latexit sha1_base64="SaaFc93JHMWrFe1Fde7ytNGYUU0="></latexit><latexit sha1_base64="SaaFc93JHMWrFe1Fde7ytNGYUU0="></latexit><latexit sha1_base64="SaaFc93JHMWrFe1Fde7ytNGYUU0="></latexit>

-3

-2

-1

0

1

2

3

0.1 0.15 0.2 0.25 0.3

λ i

k/Λ

λ
λ
λ
λ
λ
λ
λ
λ
λ
λ

�(��⇡)
<latexit sha1_base64="3IpuTKPYpZ06AQxGkopspmZjwbY="></latexit><latexit sha1_base64="3IpuTKPYpZ06AQxGkopspmZjwbY="></latexit><latexit sha1_base64="3IpuTKPYpZ06AQxGkopspmZjwbY="></latexit><latexit sha1_base64="3IpuTKPYpZ06AQxGkopspmZjwbY="></latexit>

�(S+P )�
<latexit sha1_base64="jWESDMD576dEI+Hi6JpG7t4alOc="></latexit><latexit sha1_base64="jWESDMD576dEI+Hi6JpG7t4alOc="></latexit><latexit sha1_base64="jWESDMD576dEI+Hi6JpG7t4alOc="></latexit><latexit sha1_base64="jWESDMD576dEI+Hi6JpG7t4alOc="></latexit>

�(V+A)k
<latexit sha1_base64="zey/jOIY6OACms/11lUNDnNvMng="></latexit><latexit sha1_base64="zey/jOIY6OACms/11lUNDnNvMng="></latexit><latexit sha1_base64="zey/jOIY6OACms/11lUNDnNvMng="></latexit><latexit sha1_base64="zey/jOIY6OACms/11lUNDnNvMng="></latexit>

�(S+P )adj�<latexit sha1_base64="pzrnypK+skdkXIRKShqdrhzG3Ig="></latexit><latexit sha1_base64="pzrnypK+skdkXIRKShqdrhzG3Ig="></latexit><latexit sha1_base64="pzrnypK+skdkXIRKShqdrhzG3Ig="></latexit><latexit sha1_base64="pzrnypK+skdkXIRKShqdrhzG3Ig="></latexit>

0.50.0

‣ Diverging coupling 
signals onset of 
condensate formation  

‣ Assessing relative 
interactions strengths 
→ Formation of specific    
     condensates

�̄i

�̄j

�̄k ����
kcr

<latexit sha1_base64="qs/D7CNurPpzX9br0TXxNSgOxHI="></latexit><latexit sha1_base64="qs/D7CNurPpzX9br0TXxNSgOxHI="></latexit><latexit sha1_base64="qs/D7CNurPpzX9br0TXxNSgOxHI="></latexit><latexit sha1_base64="qs/D7CNurPpzX9br0TXxNSgOxHI="></latexit>

[Braun, ML, Pospiech, (2018) in preparation]
Mainz, July 2018 | CRC 1245 Workshop | Corbinian Wellenhofer and Marc Leonhardt  

customized ansatz 
for low energy part

chiral fields
diquark fields

'
<latexit sha1_base64="V3WyjmYQ4cY2643tzwp3aL5KJKk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BLx4jmAckS5iddJIhs7PDzGwgLPkILx4U8er3ePNvnCR70MSChqKqm+6uSAlurO9/e4Wt7Z3dveJ+6eDw6PikfHrWMkmqGTZZIhLdiahBwSU2LbcCO0ojjSOB7Whyv/DbU9SGJ/LJzhSGMR1JPuSMWie1e1Oq1Zj3yxW/6i9BNkmQkwrkaPTLX71BwtIYpWWCGtMNfGXDjGrLmcB5qZcaVJRN6Ai7jkoaowmz5blzcuWUARkm2pW0ZKn+nshobMwsjlxnTO3YrHsL8T+vm9rhXZhxqVKLkq0WDVNBbEIWv5MB18ismDlCmebuVsLGVFNmXUIlF0Kw/vImadWqgV8NHm8q9VoeRxEu4BKuIYBbqMMDNKAJDCbwDK/w5invxXv3PlatBS+fOYc/8D5/AHZ6j5Y=</latexit><latexit sha1_base64="V3WyjmYQ4cY2643tzwp3aL5KJKk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BLx4jmAckS5iddJIhs7PDzGwgLPkILx4U8er3ePNvnCR70MSChqKqm+6uSAlurO9/e4Wt7Z3dveJ+6eDw6PikfHrWMkmqGTZZIhLdiahBwSU2LbcCO0ojjSOB7Whyv/DbU9SGJ/LJzhSGMR1JPuSMWie1e1Oq1Zj3yxW/6i9BNkmQkwrkaPTLX71BwtIYpWWCGtMNfGXDjGrLmcB5qZcaVJRN6Ai7jkoaowmz5blzcuWUARkm2pW0ZKn+nshobMwsjlxnTO3YrHsL8T+vm9rhXZhxqVKLkq0WDVNBbEIWv5MB18ismDlCmebuVsLGVFNmXUIlF0Kw/vImadWqgV8NHm8q9VoeRxEu4BKuIYBbqMMDNKAJDCbwDK/w5invxXv3PlatBS+fOYc/8D5/AHZ6j5Y=</latexit><latexit sha1_base64="V3WyjmYQ4cY2643tzwp3aL5KJKk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BLx4jmAckS5iddJIhs7PDzGwgLPkILx4U8er3ePNvnCR70MSChqKqm+6uSAlurO9/e4Wt7Z3dveJ+6eDw6PikfHrWMkmqGTZZIhLdiahBwSU2LbcCO0ojjSOB7Whyv/DbU9SGJ/LJzhSGMR1JPuSMWie1e1Oq1Zj3yxW/6i9BNkmQkwrkaPTLX71BwtIYpWWCGtMNfGXDjGrLmcB5qZcaVJRN6Ai7jkoaowmz5blzcuWUARkm2pW0ZKn+nshobMwsjlxnTO3YrHsL8T+vm9rhXZhxqVKLkq0WDVNBbEIWv5MB18ismDlCmebuVsLGVFNmXUIlF0Kw/vImadWqgV8NHm8q9VoeRxEu4BKuIYBbqMMDNKAJDCbwDK/w5invxXv3PlatBS+fOYc/8D5/AHZ6j5Y=</latexit><latexit sha1_base64="V3WyjmYQ4cY2643tzwp3aL5KJKk=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BLx4jmAckS5iddJIhs7PDzGwgLPkILx4U8er3ePNvnCR70MSChqKqm+6uSAlurO9/e4Wt7Z3dveJ+6eDw6PikfHrWMkmqGTZZIhLdiahBwSU2LbcCO0ojjSOB7Whyv/DbU9SGJ/LJzhSGMR1JPuSMWie1e1Oq1Zj3yxW/6i9BNkmQkwrkaPTLX71BwtIYpWWCGtMNfGXDjGrLmcB5qZcaVJRN6Ai7jkoaowmz5blzcuWUARkm2pW0ZKn+nshobMwsjlxnTO3YrHsL8T+vm9rhXZhxqVKLkq0WDVNBbEIWv5MB18ismDlCmebuVsLGVFNmXUIlF0Kw/vImadWqgV8NHm8q9VoeRxEu4BKuIYBbqMMDNKAJDCbwDK/w5invxXv3PlatBS+fOYc/8D5/AHZ6j5Y=</latexit>

�
<latexit sha1_base64="fwfAktAZT4N84jJp7Mss8VA40j0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DGgB48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vbX1jc2t7cJOcXdv/+CwdHTcNCrTDBtMCaXbETUouMSG5VZgO9VIk0hgKxrdzPzWE2rDlXyw4xTDhA4kjzmj1knN7i0KS3ulsl/x5yCrJMhJGXLUe6Wvbl+xLEFpmaDGdAI/teGEasuZwGmxmxlMKRvRAXYclTRBE07m107JuVP6JFbalbRkrv6emNDEmHESuc6E2qFZ9mbif14ns/F1OOEyzSxKtlgUZ4JYRWavkz7XyKwYO0KZ5u5WwoZUU2ZdQEUXQrD88ippViuBXwnuL8u1ah5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBW7yO7A==</latexit><latexit sha1_base64="fwfAktAZT4N84jJp7Mss8VA40j0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DGgB48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vbX1jc2t7cJOcXdv/+CwdHTcNCrTDBtMCaXbETUouMSG5VZgO9VIk0hgKxrdzPzWE2rDlXyw4xTDhA4kjzmj1knN7i0KS3ulsl/x5yCrJMhJGXLUe6Wvbl+xLEFpmaDGdAI/teGEasuZwGmxmxlMKRvRAXYclTRBE07m107JuVP6JFbalbRkrv6emNDEmHESuc6E2qFZ9mbif14ns/F1OOEyzSxKtlgUZ4JYRWavkz7XyKwYO0KZ5u5WwoZUU2ZdQEUXQrD88ippViuBXwnuL8u1ah5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBW7yO7A==</latexit><latexit sha1_base64="fwfAktAZT4N84jJp7Mss8VA40j0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DGgB48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vbX1jc2t7cJOcXdv/+CwdHTcNCrTDBtMCaXbETUouMSG5VZgO9VIk0hgKxrdzPzWE2rDlXyw4xTDhA4kjzmj1knN7i0KS3ulsl/x5yCrJMhJGXLUe6Wvbl+xLEFpmaDGdAI/teGEasuZwGmxmxlMKRvRAXYclTRBE07m107JuVP6JFbalbRkrv6emNDEmHESuc6E2qFZ9mbif14ns/F1OOEyzSxKtlgUZ4JYRWavkz7XyKwYO0KZ5u5WwoZUU2ZdQEUXQrD88ippViuBXwnuL8u1ah5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBW7yO7A==</latexit><latexit sha1_base64="fwfAktAZT4N84jJp7Mss8VA40j0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DGgB48RzAOSJcxOepMxszPLzKwQQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgU31ve/vbX1jc2t7cJOcXdv/+CwdHTcNCrTDBtMCaXbETUouMSG5VZgO9VIk0hgKxrdzPzWE2rDlXyw4xTDhA4kjzmj1knN7i0KS3ulsl/x5yCrJMhJGXLUe6Wvbl+xLEFpmaDGdAI/teGEasuZwGmxmxlMKRvRAXYclTRBE07m107JuVP6JFbalbRkrv6emNDEmHESuc6E2qFZ9mbif14ns/F1OOEyzSxKtlgUZ4JYRWavkz7XyKwYO0KZ5u5WwoZUU2ZdQEUXQrD88ippViuBXwnuL8u1ah5HAU7hDC4ggCuowR3UoQEMHuEZXuHNU96L9+59LFrXvHzmBP7A+/wBW7yO7A==</latexit>

now: two most dominant channels
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Connecting to low-energy dynamics
Determining parameters at high densities
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‣ Forward value of four-quark couplings to 
access low-energy dynamics at transition 
scale Λ0

‣ Circumvent limit of accessible range of 
external parameters 
‣ Parameters temperature and density 

dependent
‣ Minimization of thermodynamic potential: 

size of gaps, pressure, density, …
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Implications on the equation of state
Connecting to the quark-meson-diquark model

["EFT data by C. Drischler, K. Hebeler and A. Schwenk]

• Compatible to pQCD [E. S. Fraga, A. Kurkela, and A. Vuorinen, 2015] 
• Degrees of freedom at smaller densities

Pressure as a function of the baryonic density
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Implications on the equation of state
Connecting to the quark-meson-diquark model

["EFT data by C. Drischler, K. Hebeler and A. Schwenk]

• Compatible to pQCD [E. S. Fraga, A. Kurkela, and A. Vuorinen, 2015] 
• Degrees of freedom at smaller densities
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Functional renormalization group at higher densities
• Dynamical generation of four-quark interactions by gluodynamics,  

importance of Fierz-completeness at high density and low temperature
• Connecting to low-energy dynamics by utilizing RG flow of four-quark couplings to 

fix parameters at high densities
• Equation of state: connects to free gas pressure at asymptotically large densities; 

compatibility with χEFT results appears to be improved
Outlook Improve connection between high- and low-energy regime by  
               employing dynamical hadronization techniques

Chiral effective field theory at lower densities
• Efficient Monte-Carlo framework for MBPT (automatic code generation; 4th order)
• Improve fits of LECs by guiding in terms of nuclear saturation
• Consistent generalisation to finite temperature
Outlook  Nuclear equation of state for astrophysical applications,  
               statistical quasiparticles

[H. Gies, and C. Wetterich, 2002; J. Braun et al., 2014]
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Fierz-complete NJL model study: Fixed points and phase structure
at finite temperature and density

Jens Braun,1,2 Marc Leonhardt,1 and Martin Pospiech1
1Institut für Kernphysik (Theoriezentrum), Technische Universität Darmstadt, D-64289 Darmstadt, Germany

2ExtreMe Matter Institute EMMI, GSI, Planckstraße 1, D-64291 Darmstadt, Germany
(Received 22 May 2017; published 6 October 2017)

Nambu–Jona-Lasinio-type models are frequently employed as low-energy models in various research
fields. With respect to the theory of the strong interaction, this class of models is indeed often used to
analyze the structure of the phase diagram at finite temperature and quark chemical potential. The
predictions from such models for the phase structure at finite quark chemical potential are of particular
interest as this regime is difficult to access with lattice Monte Carlo approaches. In this work, we consider a
Fierz-complete version of a Nambu–Jona-Lasinio model. By studying its renormalization group flow, we
analyze in detail how Fierz-incomplete approximations affect the predictive power of such model studies.
In particular, we investigate the curvature of the phase boundary at small chemical potential, the critical
value of the chemical potential above which no spontaneous symmetry breaking occurs, and the possible
interpretation of the underlying dynamics in terms of difermion-type degrees of freedom. We find that the
inclusion of four-fermion channels other than the conventional scalar-pseudoscalar channel is not only
important at large chemical potential but also leaves a significant imprint on the dynamics at small chemical
potential as measured by the curvature of the finite-temperature phase boundary.

DOI: 10.1103/PhysRevD.96.076003

I. INTRODUCTION

The Nambu–Jona-Lasinio (NJL) model and its relatives,
such as the quark-meson (QM)model, play a very prominent
role in theoretical physics. Originally, the NJL model has
been introduced as an effective theory to describe sponta-
neous symmetry breaking in particle physics based on an
analogywith superconductingmaterials [1]. Since then, it has
frequently been employed to study the phase structure of
quantum chromodynamics (QCD), i.e., the theory of the
strong interaction; see, e.g., Refs. [2–5] for reviews. In
particular at low temperature and large quark chemical
potential, NJL-type models have become an important tool
to analyze the low-energy dynamics of QCD as this regime is
at least difficult to accesswith latticeMonteCarlo techniques.
NJL/QM-type models indeed provide us with an effec-

tive description of the chiral low-energy dynamics of QCD,
giving us a valuable insight into the dynamics underlying
the QCD phase diagram. However, despite the great
success of the studies of these models, the phenomeno-
logical analysis of the results suffers from generic features
of these models as well as from approximations underlying
these studies. For example, NJL-type models in four space-
time dimensions are defined with an ultraviolet (UV) cutoff
Λ as they are perturbatively nonrenormalizable. In fact,
nonperturbative studies even indicate that they are also not
nonperturbatively renormalizable (see, e.g., Refs. [6,7]), in
contrast to three-dimensional versions of this class of
models [8]. In case of four space-time dimensions, the
UV cutoff Λ should therefore be considered as one of the

model parameters and also the regularization scheme
belongs to the definition of the model. Moreover, we
add that often so-called three-dimensional/spatial regulari-
zation schemes are employed which explicitly break
Poincaré invariance, potentially leading to spuriously
emerging symmetry breaking patterns in these studies.
The four-quark couplings appearing in a specific Ansatz

of anNJL-typemodel are usually considered as fundamental
parameters and are fixed such that the correct values of a
given set of low-energy observables is reproduced at, e.g.,
vanishing temperature and quark chemical potential.
Unfortunately, there may exist different parameter sets
which reproduce the correct values of a given set of low-
energy observables equally well. Moreover, these model
parameters may depend on the external control parameters,
such as the temperature and the quark chemical potential [9].
In any case, even in studies of the conventional NJL/QM
model defined with only a scalar-pseudoscalar four-quark
interaction channel, other four-quark interaction channels
(e.g., a vector channel) are in general induced due to
quantum fluctuations but have often been ignored in the
literature. In particular at finite chemical potential, effective
degrees of freedom associated with four-quark interaction
channels other than the scalar-pseudoscalar channel are
expected to become important or even dominant; see, e.g.,
Refs. [3,10–12] for reviews. In this work, we moreover
demonstrate that such channels may not only play a
prominent role at large chemical potential but also affect
the dynamics at small chemical potential. In fact, we observe
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